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SECTION 1

INTRODUCTION

The high fidelity simulation COMLNK [Bogusch, 1989, 1990, 1996; Bogusch
and Michelet, 1993] is intended to facilitate the design, development, specification,
testing, and evaluation of digital communications links operating in fading channels.
For example, COMLNK allows the link designer to quickly evaluate the relative merits
of various signal processing algorithms or tracking loop parameters or many of the
myriad design details in modem digital modems. Accuracy is very important because
selection of the best algorithm for a particular function may be based on slight differ-
ences, sometimes a fraction of a decibel, in performance.

During the hardware development process, implementation choices can be evalu-
ated with COMLNK. For example, the difference in the performance of a Viterbi de-
coder using three or four bits of soft decision amplitude information can be measured
with the code. Another issue that faces the hardware designer is the following: Given
an input signal-to-noise ratio, does the design meet its performance requirements? Here
a fraction of a decibel can make the difference between a design that is acceptable and
one that requires further refinement.

The development of link specifications is another area where accuracy is criti-
cally important. Real hardware has real implementation losses. If such losses are inac-
curately specified, two things can happen and both can be bad. If the specified loss is
too large, a sloppy design that wastes precious power resources may result. If the
specified loss is too small, the design may either be more expensive than necessary or
simply may not be possible with existing technology.

Hardware testing is yet another application of simulation results where accuracy
is very important. When wiring together a complex communications system and test
equipment to measure link performance in fading channels, any number of things can
be wrong. Thus the prudent tester often will use simulation results as the "truth"
against which the efficacy of test results is determined. If the "truth" is in error, then
good test results can be rejected because they vary too much from expected results.

Eventually, a good hardware test engineer will get valid results whether or not
he or she has accurate predictions of performance. However, there are inherent limita-
tions of such tests because of real limitations in hardware channel simulators. Gener-
ally, one cannot test a communications link over all possible variations in the fading
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channel. When such limitations occur, the comparison of hardware test results and
simulation results for the channels that can be tested is a practical method of validating
the simulation, provided the two results agree to within an acceptable margin.

Once validated against test data (or theoretical performance curves when test
data are not available), the simulation can then be used confidently to measure link per-
formance under channel conditions that cannot be tested or to evaluate the performance
of similar communications links. Indeed, a simulation may be the only way to under-
stand and mitigate link disruptions that occur infrequently in the actual operating envi-
ronment. The key to using the simulation with confidence for any of these purposes is
accuracy.

The COMLNK code has been designed from the beginning to do two things well.
First, it is designed to be as accurate as possible, and second, it is designed to be as fast
as possible. Sometimes these two goals conflict, particularly in the simulation of the
fading channel. An example is the number of delay samples that defines the tap spacing
in a frequency selective fading channel simulator. COMLNK uses two delay samples
per modulation period. Our validation results show that this choice may be too coarse
for some applications, and the number may become a user input in the future. How-
ever, it may not be desirable to increase the number of delay samples in all cases. For
example, hardware channel simulators also employ sampled channels, and one would
like the software and hardware to exhibit similar fidelity.

The purpose of this work is to assess the accuracy of COMLNK in performing
the most basic of communications link function s-demodulating the received signal. It
is in the simulation of the demodulator that additive white Gaussian noise (AWON), the
transmitted modulation, and the fading channel come together when constructing the
received signal.

To assess the accuracy of COMLNK we found that simple "textbook" error rate
curves for demodulation performance are inadequate because, in general, they do not
include fast fading or frequency selective fading effects nor do they include the effects
of carrier tracking. Furthermore, such curves do not address channel delay sampling,
and channel sampling is the primary source of the differences we observed between
theoretical and simulated demodulation performance.

Thus much of the theoretical work on demodulation performance in fading
channels reported here is new and is not yet in the literature. A notable exception is the
work of Bello and Nelin [1962a, 1962b, 1963], now over 35 years old, which develops
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the performance of differentially coherent phase-shift keying (DPSK) and binary fre-
quency-shift keying (BFSK) in fast or frequency selective fading channels. However
their results do not include the fading spectra that represent the transionospheric
propagation channel and do not include delay sampling effects.

The new analytic delay error and demodulation error rate results in this report,
that to our knowledge have not yet been reported in the literature with the exception of
ideal delay tracking results [Dana, Bogusch, and Milner, 1995], include:

" Ideal direct sequence spread spectrum (DS/SS) delay offset and code correlator
loss in continuous and sampled frequency selective fading

" Ideal delay offset for DPSK without an underlying spread spectrum code in fre-
quency selective fading

" DPSK demodulation error rate in fast, frequency selective fading with sampled
and continuous channels

" DPSK demodulation error rates in slow fading with two- and three-channel di-
versity combining

" M-ary FSK demodulation error rates in fast, transionospheric fading excluding
tone filter cross correlation

" Ideal delay offset for M-ary FSK with and without hopping in frequency selective
fading

" BFSK demodulation error rates with hopping in slow, frequency selective fading
with sampled and continuous channels and ideal delay offset

" BFSK demodulation error rates with hopping in fast, frequency selective fading
with sampled and continuous channels

"* BFSK demodulation error rates without hopping in slow, frequency selective
fading with sampled and continuous channels

These theoretical delay offsets and demodulation error rates are discussed in the ap-
pendices to this report. Our goal in outlining the often tedious mathematics is to allow

* the interested reader to follow the theoretical developments and use the results for
simulation validation or for use in analytic models of communication links.

While the initial purpose of developing these analytic results was COMLNK
validation, in the process we learned a great deal about the simulation of fading chan-
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nels that we probably would not have known without the theory together with the
simulation. Much of this understanding is related to the effects of delay sampling of the
channel. But we also investigated the effects of temporal sampling of the channel and
verified that time sampling in COMLNK accurately represents the effects of the chan-
nel Doppler frequency spectrum on the demodulation process.

A natural question is why not extend this work to include other processes within
a communications link. One part of the answer is that many of the other processes are
highly nonlinear and not amenable to analytic solution. The other reason is that it is not
really necessary because most of the other processes are emulated, rather than simu-
lated, using the same algorithms as in a microprocessor-based receiver.

An example of a complex link, taken from a COMLNK display, is shown in
Figure 1-1. This link includes cyclic redundancy check (CRC) error detection encod-
ing, convolutional encoding for error correction, a convolutional interleaver (IL), bi-
nary to M-ary conversion, a chip repeater, synchronization multiplexer, frequency
hopping, and frequency-shift keying (FH,[FSK) modulation at the data source. There is
then an uplink channel to a processing satellite, for example, where the received signal
is demodulated and converted back to bits so it can be combined with data from other
satellite users. Then the satellite data are converted back to M-ary and again FH/FSK
modulated and sent over a downlink channel to the receiver. Here all the signal proc-
essing functions performed at the transmitter are undone to form the received message.

Decde Deodr DlL Binary Demux Demod

Figure 1-1. Example complex communications system simulated with COMLNK.
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In a modem digital communications system the only analog parts are the modu-
lator, the channel, and the demodulator. Indeed, even the demodulation process is often
performed using digital samples out of an analog-to-digital (A/D) converter. Thus the
only simulation in COMLNK is in the generation of the A/D samples. After this point,
the receiver is digital and COMLNK is an emulation of the digital signal processing
that occurs. Validation of the digital signal processing within COMLNK is done by
comparing bit by bit and sample by sample the processing with the digital signal proc-
essing algorithms within actual receivers.

Most of the signal processing is highly nonlinear and defies analytic analysis that
is possible for demodulation. Whenever possible, results from COMLNK are compared
with analytic theory, results from other simulations, and test results. This is an ongoing
validation effort.

Although in this report we consider only the output of a demodulator after a
communications signal has propagated once through a fading channel, we believe that
this is sufficient to validate the modulation, demodulation, channel model, and AWGN
generation processes within COMLNK. Indeed, a good comparison of the simulated
demodulation error rate with theory validates a number of other related processes, as
indicated in Figure 1-2 which shows a FH/FSK demodulator in more detail. This block
diagram shows the tracking loops necessary for data demodulation, including automatic
gain control (AGC), delay-lock loop (DLL), and automatic frequency control (AFC).

A major result of this work is that COMLNK does indeed accurately demodulate
DPSK and M-ary FSK signals in fast, frequency selective fading channels. The differ-
ences we observe between ideal performance, as defined by the analytic results, and
COMLNK results are the result of channel model sampling. When we then compare
COMLNK results with ideal performance that includes sampling, we get excellent
agreement.

To demonstrate the validation process and to provide the interested reader with
useful theoretical results, this report is organized as follows. First, we outline in Sec-
tion 2 the time and frequency selective fading channel model used in COMLNK and in
our theoretical developments. This model is based on official Defense Special Weapons
Agency (DSWA) transionospheric channel models with the turbulent approximation to
separate time and frequency selective fading effects.
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In Sections 3 and 4 we compare COMLNK delay tracking and demodulation er-
ror rate results, respectively, with theory for all of cases listed above. These two
chapters contain all the COMLNK validation results in this report. The rest is analysis.

Theoretical developments are reported in appendices for interested readers. Ap-
pendix A, included primarily for completeness, contains a brief discussion of coherent
PSK demodulation. This modulation format generally performs poorly in fading chan-
nels and is a poor choice for analytic validation because its performance is dependent
on that of a highly nonlinear phase-lock loop (PLL). The PLL cannot be treated ana-
lytically, although it is readily handled in a simulation.

In Appendix B we discuss DPSK performance with an underlying pseudonoise
(PN) code in fast, frequency selective fading channels. This appendix is a summary of
work reported earlier [Dana, 1995c], and includes delay offset and code correlator loss
for continuous and sampled channel impulse response functions (CIRFs). The perform-
ance of DPSK without an underlying PN code in fast, frequency selective fading with
sampled and continuous CIRFs is developed in Appendix C. This work, to our knowl-
edge, is new. A short derivation of the basic demodulation error rate formula for
DPSK and BFSK is given in Appendix D. A new calculation of the DPSK demodulation
error rate with diversity combining in slow fading channels is reported in Appendix E.

Approximate (upper bound) expressions for the demodulation performance of
M-ary FSK in fast, flat Rayleigh fading are derived in Appendix F. Because M-ary
FSK demodulators are often implemented using discrete Fourier transforms (DFTs),
the effects of time sampling are also considered. The question investigated here is
whether or not the sampling is sufficient to capture the full Doppler frequency spec-
trum of the fading channel and what effect, if any, time sampling has on demodulation
performance relative to that possible with analog demodulation (i.e., using continuous
Fourier transforms). The final two Appendices, G and H, cover BFSK performance,
with and without frequency hopping, respectively, in frequency selective fading. These
calculations are sufficiently complex that we have not attempted to extend them to
M-ary FSK, although such extensions are possible in principle. To our knowledge, all
of these FSK results are essentially new and have not been published elsewhere.
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SECTION 2

THE FADING RADIO CHANNEL

Scintillation of radio frequency signals propagating through the ionosphere or
the troposphere arises from random variations in the index of refraction. Tropospheric
index of refraction variations result from atmospheric turbulence, rain, or dust. Iono-
spheric index of refraction variations result from ionization irregularities produced by
plasma instabilities, which cause the ionization to form long filaments, or striations,

aligned with the earth's magnetic field. One can visualize such striations as long sheets
or rods of relatively high electron density embedded in a background of lower electron
density, as shown schematically in Figure 2-1 [Bogusch, et al., 1981].

Consider for a moment an unmodulated wave traversing a region of random
fluctuations in the index of refraction. The wave first suffers random phase perturba-
tions due to the variations in phase velocity. As the wave propagates farther, diffractive
effects introduce fluctuations in amplitude as well as phase, resulting in undesired com-
plex modulation of the carrier.

In the ionosphere, the index of refraction and phase velocity depend on the fre-
quency of the propagating electromagnetic wave. A communications or radar signal
encompasses a spectrum of frequencies because of the transmitted modulation. The fre-
quency-dependent index of refraction causes each spectral component of the signal to
experience different phase and amplitude scintillation when propagating along a tran-
sionospheric path. If the resulting differences are minor (i.e., if the scintillations are
highly correlated across the signal bandwidth), the propagation channel is said to be
non-frequency selective, or flat fading. When significant statistical decorrelation is ob-
served across the signal bandwidth, the channel is said to be frequency selective.

Radio wave propagation through regions of index of refraction fluctuations has
been studied for many years by numerous researchers. An extensive body of data has
been accumulated from a variety of field experiments. Recordings of signal amplitude
and phase scintillation have been made in the natural equatorial and polar regions of
the earth's ionosphere [e.g., Fremouw, et al., 1978], and in experiments involving the
release of barium chemical compounds at high altitudes [e.g., Davis, et al., 1974; Wol-
cott, et al., 1978]. The various data have been subjected to considerable analysis to de-
termine the statistical characteristics of scintillation [e.g., Dana, 1992b; De Raad and
Grover, 1990; Fremouw, Livingston, and Miller, 1980; Whitney, et al., 1972].
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Figure 2-1. Propagation through a striated ionosphere.

The resulting distributions of signal amplitude and phase are described by the
first-order scintillation statistics. Temporal, spatial, and spectral correlation properties
are described by the second-order statistics.

2.1 FLAT FADING CHANNELS.

As noted above, when the random fluctuations of each spectral component of the
received signal exhibit essentially identical behavior in time, scintillation is said to be
flat or non-selective over the signal bandwidth. Note that, in this context, the term non-
selective refers to frequency selectivity only. Fading channels always exhibit time
variation, which is sometimes called time selectivity.

Flat fading is often a good approximation in cases where the signal modulation
bandwidth is small, or where index of refraction fluctuations are weak. A monochro-
matic (CW) signal is a clear example of a situation where the channel is flat or non-
selective. In flat fading conditions, the effect of the propagation channel can be repre-
sented mathematically by a complex multiplicative factor on the transmitted signal.
Thus, if the real transmitted signal is written as

9



ST(t) = Re {n(t)exp(j(c0t)}

where m(t) is the transmitted modulation, CO is the carrier angular frequency, and
Re(.) denotes the real part of the argument, then the received signal in a flat fading
channel can be written as

SR(t) = r Re {a(t)m(t)exp [JO(t) + jcoct]} (2.1)

where r is the nominal received signal amplitude (i.e., the received signal amplitude in
the absence of fading), a(t) is the time-varying amplitude modulation imposed by the
propagation channel, and 0(t) is the corresponding channel-imposed phase modulation.
The in-phase (/) and quadrature-phase (Q) components of the channel modulation are
a(t)cos[0(t)] and a(t)sin[0(t)], respectively. The first-order statistics of the fading
channel therefore can be defined either in terms of the amplitude and phase fluctua-
tions, or in terms of the in-phase and quadrature components.

2.1.1 First-Order Statistics.

Statistical analysis of experimental and theoretical results, encompassing many
measurements and calculations, reveal than when scintillation is intense or fully devel-
oped, the random signal amplitude is Rayleigh distributed, and the random channel
phase is uniformly distributed over 21r radians. Thus in a Rayleigh fading channel, the
phase function 0 is uniformly distributed over the interval [0, 27r], and the amplitude
function a is described by the Rayleigh probability density function:

a a 2 ]

fRay(a)= exp[_y2 aŽ0,

where T2 is the variance of each of the in-phase and quadrature-phase components of
the scattered signal voltage. In terms of received signal power S = a2 , the value of cy2

is equal to one-half the mean power, and the Rayleigh distribution becomes

1
fRay(S)= -oeXp[-S/So] SOso

where So = 2cy2 is the mean fading signal power. [The quantity So is often set to unity
so that amplitude r in Equation (2.1) is determined by the signal-to-noise ratio of the
received signal.] The cumulative distribution of the fading signal power S in a Rayleigh
fading channel is then

10



S
FRay(S)= f fRay(S')dS'=l-exp[-S/So] S>O

0

This cumulative distribution is plotted in Figure 2-2. It is seen that in a Rayleigh
fading channel, the received signal exhibits fades below 10 dB about 10 percent of the
time, below 20 dB one percent of the time, and below 30 dB one-tenth of one percent
on the time.

This strong scattering limit can also be obtained by applying the central limit
theorem to the superposition of many randomly scattered waves. The I and Q compo-
nents of the resulting electric field are found to be zero-mean Gaussian random vari-
ables, statistically independent, with equal variances of one-half the mean signal power.
These conditions are both necessary and sufficient for Rayleigh statistics, which de-
scribe the envelope of a narrowband Gaussian noise process. Thus, when scintillation
has saturated at a Rayleigh fading condition, the first-order signal statistics are the
same as those for narrowband Gaussian noise.

SI 0° -- I I

S100

•.10"I

*': 1 0.1

" 10.1

10-4

-40 -30 -20 -10 0 10

Relative Fading Power, S/S0 (dB)

Figure 2-2. Cumulative distribution of received signal power in Rayleigh fading
channels.
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One measure of the intensity of scintillation is the scintillation index, S4, which is
the normalized standard deviation of signal power. In terms of the signal voltage a or
the fading power S, the scintillation index is defined as

S= [a4) (a'

s4 a2)2 = so

where angular brackets denote ensemble averages.

In intense scintillation conditions the value of S4 saturates at unity, which is a
necessary (but not sufficient) condition for Rayleigh statistics'. The value of S4 is zero
in the case of no fading. Values of S4 between zero and unity correspond to relatively
weak scattering conditions where signal fading is less severe than Rayleigh. Values of
S4 somewhat greater than unity are occasionally measured; such values are associated
with focusing effects that often accompany multipath conditions.

When the scintillation is not intense or fully developed, the first-order statistics
are not neatly described by a single mathematical expression, as is the case for Rayleigh
fading. However, two distributions that describe the amplitude fading statistics of non-
Rayleigh fading are in common use. These are the Nakagami-m [Nakagami, 1960] and
Rician [Rice, 1948] distributions.

There is some evidence that the Rician distribution represents a reasonable
worst-case distribution for non-Rayleigh fading [De Raad and Grover, 1990; Dana,
1992b]. This distribution has the added advantage of being as easily implemented in a
channel model as is Rayleigh fading since a Rician distributed random process can be
obtained by adding a constant component to a Rayleigh distributed process.

The Rician probability density function for the fading power S is

1k (S)pI [ S/S°+R]II (2.2a)S

fRice(S) S(1- R) [ +RIL- R I I -S (2.2a)

where Io(.) is the modified Bessel function, and R is the "Rician index," which is de-
fined as

Sufficient conditions for Rayleigh fading are that the in-phase and quadrature-phase components of the
signal be independent, zero-mean, Gaussian random processes with equal variance.
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R = -J S2 (2.2b)

The cumulative distribution of the Rician fading power is

FRice(S) I 2R 1- lR

where Marcum's Q function [Marcum, 1960] is
00

Q(a,b)= fx exp[-l(x2 + a2)]I0 (ax) dx
b

The Rician cumulative distribution is plotted in Figure 2-3 for a few values of
the scintillation index. The Rician distribution is Rayleigh when S4 is unity and R is
zero. Note that R So is the mean power in the constant component of S, and (1 - R) SO is
the mean power of the fluctuating part of S.

2.1.2 Second-Order Statistics.

Relative motion between the propagation path and scattering region, due to
movement of the path or scattering region or both, causes the signal propagation chan-
nel to vary with time. The resulting time-varying amplitude and phase modulation im-
posed by the channel is sometimes referred to as time-selective fading. The rate at
which the signal amplitude and phase vary with time can range from very slow to quite
fast. The fading rate is a function of the relative path velocity, intensity of the scatter-
ing irregularity structure, and wave frequency. A precise measure of the fading rate is
provided by the signal decorrelation time, which is a parameter involved in the second-
order statistics.

The signal decorrelation time is denoted by to and is defined as the l1e point on
the time autocorrelation function of the fluctuating part of complex channel modula-
tion. Writing the complex modulation as

E(t) = E0 + a(t)exp[jO(t)]

where E0 is a constant component (E0 is zero for Rayleigh fading), the autocovariance
function2 is defined by

2 The time autocovariance function is equal to the time autocorrelation function for Rayleigh fading where

the constant component E0 of E(t) is zero.
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Figure 2-3. Cumulative distribution of received signal power in a Rician fading
channel.

. t) = KE(t)-Eo][(t+ ) - Eo])

where the asterisk denotes complex conjugation. The autocorrelation function of the
fluctuating part of E(t) is

P( = C(-)/C(O)

and the decorrelation time is defined as p(,c) = I/e.

Because small values of To correspond to fast fading while large values corre-
spond to slow fading, the decorrelation time is an inverse measure of the fading rate.
Thus the fading rate can be defined as 1/t0 . Another measure of fading rate that is in
use, particularly in the HF community, is the Doppler spread. In this context, Doppler
spread refers to the spectral spreading of the signal resulting from the time variation of
the undesired amplitude and phase modulation imposed by the propagation channel.
The more rapid the scintillation, the greater the Doppler spread. Thus, small values of
to correspond to large values of Doppler spread, and conversely. Doppler spread is de-
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fined by the bandwidth of the signal scintillation Doppler frequency power spectrum
SD(cOD), which is the Fourier transform of the autocorrelation function:

00

SD(coD)= Jp(t)eKj DdT
-00

The Doppler radian frequency (OD is measured relative to the signal carrier frequency.

Measurements of the fading power spectrum have been made with experimental
data from satellite transmissions and with signal realizations from multiple phase
screen (MPS) calculations [Knepp, 1983a]. The spectrum has also been investigated
analytically. In slow fading conditions the spectrum is generally found to exhibit a
power-law dependence on Doppler frequency, with an f--4 dependence being repre-
sentative of the observed spectra. In fast fading conditions the fall-off with Doppler
frequency is more rapid, limiting to a Gaussian spectrum when the fading is quite fast.

A Gaussian spectrum, which is often employed in analytical investigations be-
cause of its mathematical tractability, is

SD(coD)= -\F:0 exp[-l(t0 cOD) 2 ] (Gaussian Spectrum) (2.3)

The Fourier transform of a Gaussian function retains the Gaussian form, and the auto-
correlation function corresponding to Equation 2.2 is found to be

p(T) = exp [- ] . (Gaussian Spectrum)

An f- 4 form for the fading power spectrum is particularly convenient for chan-
nel simulation because it can be synthesized using two-pole filters, which are easily im-
plemented in hardware or software. When the two-pole filters are formed using pairs
of cascaded single-pole RC filters, the f--4 spectrum is given by

SD(coD) = 4t 0 /0a 4  (f-4 Spectrum) (2.4)[X+('toom/oa4 )2] 2 '

where to / oX4 is the time constant of each of the single-pole RC filters. The value of
cX4 is obtained from the autocorrelation function, given by the Fourier transform of

Equation (2.4):

P('T)= + (X41T1)exp (_0 , 4[T[)0 (f--4 Spectrum)
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Upon setting p(T) = 1/e and solving the resulting equation numerically, one obtains
aC4 = 2.146193....

A channel with a Gaussian Doppler frequency spectrum also can be synthesized
approximately using multiple-pole filters with suitable weights. However, Dana [1994]
has shown that temporal statistics (i.e., the mean fade duration and separation) of an

f-6 spectrum are a close approximation to those of the Gaussian form. The f- 6 form
can be synthesized using three-pole filters, and when the three-pole filters are formed
using three cascaded single-pole RC filters the resulting f-6 spectrum is

SD(OD) = 16T"0 /aX6 (f- 6 Spectrum) (2.5)
[1+(Tco CoD/a 6 )2] 3 '

where again to / X6 is the time constant of each of the single-pole RC filters. The value
of a 6 is obtained from the autocorrelation function:

P(T)=+L TI - (, 2 ]exp( ) (f-6Spectrum)

Upon setting p(T0 ) = 1/ e and solving the resulting equation numerically, one obtains
(X6 = 2.904630.... The use of multiple, uncorrelated f-6 flat fading realizations to
construct a realization of the frequency selective channel impulse response function is
described later in the subsection on channel modeling.

The f- 4 and f- 6 spectra given by Equations (2.4) and (2.5) fall off less rapidly
at high Doppler frequencies than does the Gaussian spectrum given by Equation (2.3).
These three Doppler spectra are compared in Figure 2-4. The greater high frequency
content of random amplitude and phase modulation makes the f- 4 spectrum a more
stressing case for most communications systems. Demodulation and tracking functions
tend to degrade more rapidly in the presence of "noisier" signal fluctuations corre-
sponding to this power-law spectrum. The fact that the f--4 spectrum represents a rea-
sonable worst case, coupled with its ease of implementation in hardware and software,
has made it the standard for use in flat fading channel simulators. As can be seen from
the figure, the f-6 spectrum lies between the Gaussian and f-4 spectra.
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Figure 2-4. Comparison of Gaussian, f- 6 and f-4 fading signal power spectra.

2.2 FREQUENCY SELECTIVE CHANNELS.

When the signal modulation bandwidth is large and the propagation channel is
highly disturbed, frequency selective fading becomes important. No longer can the ef-
fect of the channel be represented by a multiplicative factor on the transmitted signal.
Instead, the channel is represented by a time-varying linear filter, and the received sig-
nal is given by the convolution of the transmitted signal and the channel impulse re-
sponse function:

SR(t) = Re[u(t)exp(-jco t)]

u(t)= rjm(t-,T)h(t,c)dt , (2.6)
0

where r is the amplitude of the received signal in the absence of propagation effects.
The quantity u(t) is the complex envelope of the received signal, and h(t, t) is the time-
varying impulse response function of the propagation channel. As before, m(t) is the
transmitted modulation, and coc is the carrier angular frequency.
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The primary measure of the level of frequency selectivity is the frequency selec-
tive bandwidth, denoted by fo' This is another parameter involved in the second-order
signal statistics. The relationship betweenfo and the standard deviation of signal time
delay jitter (7, arising from angular scattering is

The value of fo is commensurate with the maximum modulation rate that the
channel will support with little intersymbol interference. Small values of fo therefore
correspond to severe frequency selectivity, while large values are associated with flat
fading or undisturbed channels. Depending on the level of disturbance in the propaga-
tion medium, the frequency selective bandwidth can range from very large to quite

small values.

Another measure of frequency selectivity that is in common use is the multipath
delay spread of the signal. The delay spread is related to the angular scatter-induced
time delay jitter and hence is inversely related to the frequency selective bandwidth.
Thus small values of fo (severe frequency selectivity) correspond to large values of
multipath delay spread, and conversely.

Determination of the statistical properties of a frequency selective propagation
channel encompasses the relationship between the statistics of the scattering region and
those of the received signal. Significant progress has been made in recent years in ana-
lytically establishing this link between environmental descriptions and signal statistics
[Knepp, 1983b; Dana, 1986; Dana, 1991].

As shown in Equation (2.6), the frequency selective propagation channel is con-
veniently represented in terms of the time-varying channel impulse response function
h(t, t). An equivalent representation may be cast in terms of the Fourier dual, the time-
varying channel transfer function H(t, co). The former is the channel response at time t
to an impulse transmitted at t - t. The latter is the channel response to a sinusoidal ex-
citation at frequency o).

Propagation theory can be used to compute specific realizations of the channel
impulse response function, but these calculations must be performed numerically. What
can be obtained analytically is the statistical description of the channel response. This
relationship is formulated in terms of the generalized power spectral density (GPSD)
of the received signal.
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The derivation of the GPSD starts with Maxwell's equations, from which the
parabolic wave equation is derived. A necessary condition for the parabolic wave
equation to be valid is that the phase perturbation over a distance comparable to a
wavelength be small relative to one radian. A sufficient condition is that the angular
deviation of the wave relative to the principal propagation path be small relative to one
radian. These conditions are generally satisfied whenever attenuation of the propagat-
ing wave is not significant in the scattering medium.

The parabolic wave equation can be solved to give the received electric field for
a specific distribution of the index of refraction. The difficulty lies in the fact that the
index of refraction is a random process, so the received electric field is also a random
process. The parabolic wave equation is therefore used to derive an equation for the
two-time, two-frequency, two-position mutual coherence function. The solution of the
differential equation for the mutual coherence function provides a description of the
second-order statistics of the received electric field. The Fourier transform of the mu-
tual coherence function is the GPSD of the received signal. Two of the parameters in-
volved in the GPSD are the decorrelation time, to, and the frequency selective band-
width, fo.

The GPSD has a particularly simple form in the limit that spatial and temporal
fluctuations of the scintillation are decoupled (the so called turbulent model). In this
limit, the GPSD can be written as product of the Doppler frequency power spectrum
SD(COD) and the power impulse response function G(,t):

S(woD,t)=SD(03D)G(t) , (2.7)

where r is the time delay. In the limit that the scattering is isotropic about the propaga-
tion direction, the power impulse response function is exponential:

G(" = {ocohexp(-O~cohT) >o(28)"0c<0 O28

where the coherence bandwidth cocoh is related to fo:

Scoh = 27c fo

The quantity G(,c) dct is the mean signal power arriving in the delay interval T to t + dct
relative to the nominal propagation time.
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The Fourier transform of the power impulse response function is the two-
frequency mutual coherence function, which describes the correlation in the fading at
two frequencies in the signal bandwidth:

F(O)) = KH*(t,co) H(t,W2 )) f JG(tu)e j(fl dt =
0 l+j(Af/fo)

where (o is the difference between two radian frequencies (co = o01 - (o2 ), and
Af = 2cto. As indicated in the expression for F(co), this function is also equal to the
expectation of the channel transfer function at two frequencies.

The fact that F(co) is complex indicates that there is correlation between the real
part of the channel impulse response function at one frequency and the imaginary part
at another frequency. As a consequence, for example, the correlation in the outputs of
the two binary frequency-shift keying (BFSK) tone filters in frequency selective fading
is complex. A more interesting observation is that the magnitude of F(c),

1

F() (Af f) 2

varies as fo / Af for small values of the ratio. Thus the fading measured at one time on
two frequencies separated by fo or larger exhibits a higher degree of correlation than

does the fading on one frequency measured at two times separated by co or larger.

In conjunction with Rayleigh first order statistics, the GPSD provides a complete
statistical description of the frequency selective scattering channel. Given values of the
signal decorrelation time and frequency selective bandwidth, the GPSD can be used to
generate specific realizations of the channel impulse response function. The channel
impulse response function then enables specific realizations of the received signal to be
generated for uses in analysis and testing. The procedure for simulating the channel is
described in Dana [1991, 1994] and is summarized in Bogusch and Michelet [1993].

2.3 CHANNEL MODELING TECHNIQUES.

Design, testing and evaluation of digital communications and radar equipment in
fading channels are areas in which there is an increasing utilization of channel models
to simulate the effects of propagation disturbances. The design process is greatly fa-
cilitated and made quite precise by the use of software channel models in conjunction
with detailed computer simulations of the receivers. Once a design is selected, verifica-
tion that it has been properly translated into hardware relies heavily on hardware
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channel models that perturb transmitted signals either at RF or after downconversion
to IF. Channel models have been developed for both the flat fading channel and the
frequency selective fading channel, and these models have been implemented in soft-
ware and in hardware. This subsection summarizes two techniques that have proven
useful in modeling the fading radio channel.

2.3.1 Flat Fading Channels.

Simulation of flat fading channels is readily accomplished in either software or
hardware. The basis for a flat fading channel simulator is the fact that the effect of
non-selective scintillation is to impose a multiplicative complex modulation (amplitude
and phase) on the transmitted signal. In other words, the channel transfer function is
independent of frequency over the signal bandwidth, and the channel impulse response
function is a Dirac delta function in delay:

H(t, co) = a(t) eje(t) (Flat Fading)

h(t, T) = a(t) eje(t) 5(,)

With these relationships, it is readily seen that the convolution in Equation (2.6)
reduces to a multiplication of the transmitted signal times the complex modulation
a(t) ejO(t), which yields the expression for the received signal given in Equation (2.1).
When the transmitted data modulation is real, Equation (2.1) can be rewritten as

SR(t) = a(t)m(t)cos[O(t)]cos(o~ct) - a(t)m(t)sin[O(t)]sin(cOct) . (2.9)

Implicit in this representation is the usual assumption that both the data modulation and
the fading power spectra are narrowband with respect to the carrier frequency. Equa-
tion (2.9) can be rewritten in terms of two quadrature modulating waveforms:

SR(t)= I(t)[m(t)cos(coct)]+Q(t)[m(t)cos(cct + iT!2)]

where

I(t) = a(t) cos [O(t)]

Q(t) = a(t) sin [O(t)]

These equations show that the flat fading received signal can be generated by
passing the transmitted signal through a power splitter, shifting the phase of one of the
outputs by 90 degrees, and then passing the signal and its phase-shifted version through
two product modulators. The quadrature modulating waveforms, I(t) and Q(t), repre-
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sent the fading channel. These waveforms can have any statistical descriptions; hence
the simulator is not limited to any particular type of channel as long as it can be ade-
quately represented as narrowband and non-selective over the signal bandwidth.

One way of generating specific realizations of the quadrature modulating wave-
forms, applicable to Rayleigh or Rician fading channels, is to invoke the signal statisti-
cal approach. In this case the I and Q waveforms are each represented by zero-mean
Gaussian random processes, statistically independent of each other, with equal vari-
ances. A specular or constant component is included for Rician channels. Given the
fading power spectrum, white Gaussian noise can be appropriately filtered to produce

the desired second-order statistics of the fluctuating component.

The f--4 fading power spectrum defined in Equation (2.4) has become the stan-

dard for use in ionospheric flat fading simulators, because it represents a reasonable
worst case and is easily synthesized [Wittwer, 1980]. This spectrum can be realized by
passing white Gaussian noise through two cascaded single-pole RC lowpass filters in
each of the two quadrature channels. Figure 2-5 illustrates the functional configuration
of the resulting channel simulator. The relationship between the time constant of each

of the RC filters tRC and the scintillation decorrelation time To is TRc = To / (X4 [see
Eqn. (2.4)], and the relationship between the "Rician index" R and the scintillation in-
dex S4 is given by Equation (2.2).

This flat fading channel simulator can be implemented in software or in analog

or digital hardware3 . In a digital implementation, the two white Gaussian noise sources
are simply two independent sequences from a Gaussian random number generator.
Such sequences can be easily generated using uniformly distributed random numbers:

g1 = -2 9 In(u, ) cos (27t u 2 )

92 = /-201 In (u1 ) sin (2e u2,)

3 Care must be exercised in a hardware implementation to ensure that no measurable amount of unmodu-
lated signal inadvertently leaks through the output in Rayleigh fading. Because flares to nearly +10 dB
and fades to below -30 dB relative to the mean signal level are common in Rayleigh fading channels,
the quadrature modulators must operate over at least a 40-dB dynamic range, and there should be at
least 50-dB of isolation between the input and output in Rayleigh fading (R = 0). If some unmodulated
signal leaks through, the resulting specular component yields Rician fading, which may be significantly
less stressing than Rayleigh.
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Figure 2-5. Flat fading channel simulator.

where u1 and u2 are random numbers drawn from a uniform distribution over the in-
terval (0,1), and g, and g2 are independent, zero-mean, Gaussian random numbers,
each with variance u2

Each single-pole RC filter can be implemented digitally using the recursive rela-
tion

ýk.=a kl +b k , (2.10)

where ýk is the current output of the filter, ýk is the current input, and k is the sam-
pling index. The quantities a and b are filter coefficients, where a is determined by the
filter time constant, and b is determined by the filter gain. When the filter gain is set to
unity, the values of a and b are given by [Bogusch, 1989]

a = exp (-U 4 At Po0 )

11

where At is the sampling time interval. Note that, as in any digital filter implementa-
tion, the sampling rate must be rapid enough to minimize spectral aliasing. Because of
the stochastic nature of the fading channel, there is no precise definition of the required
sampling rate. The sampling rate must be high enough to ensure that the portion of the
fading spectrum that will be aliased contains an insignificant fraction of the total
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power. Experience has shown that choosing At<t 0 /10 is usually sufficient. To accu-
rately represent the statistics of the duration of fades to -30 dB or so, sampling inter-
vals At! 0o /40 are required [Dana, 1982; Dana, 1993].

If the filter coefficients are held constant, the statistics of the flat fading channel
will be stationary. On occasion one may wish to simulate a non-stationary channel. This
can be done by changing the filter coefficients sufficiently slowly that the channel is
quasi-stationary insofar as the sampling process is concerned. Thus a channel whose
statistical properties change slowly compared to the fading rate can be readily simu-
lated by variation of filter coefficients in the channel simulator [Dana, 1994].

2.3.2 Frequency Selective Fading Channels.

Simulation of frequency selective channels is straightforward, albeit more com-
plicated than flat fading channel simulation. Two methods of implementing frequency
selective channel simulators are in use. These are the Fourier synthesis method (fre-
quency domain) and the convolution synthesis method (time domain). Up to now, the
choice between the two methods has been largely dictated by the selection of software
or hardware implementation. The Fourier synthesis method has been extensively ap-
plied in previous software channel simulations. The convolution synthesis method is
used extensively in hardware channel simulators. However, convolution synthesis has
also been implemented in software (e.g., COMLNK), and with modem digital signal
processing technology Fourier synthesis can be implemented in hardware.

The basis for the Fourier synthesis technique is provided by Equation (2.6) with
the convolution rewritten in terms of the signal spectrum and channel transfer func-
tion:

SR(t) = Re[u(t)ej'0ct]

= Re[u(t)] cos (coct) - Im [u(t)] sin (coct) , (2.11)

u(t)= 1 TM(co)H(t,,o)ej ' dco
=27r .0

where M(co) is the Fourier transform of the transmitted modulation waveform m(t).

Once values of the channel transfer function H(t, co) have been computed at a set
of discrete frequencies within the signal bandwidth, the complex envelope u(t) is com-
puted from the integral in Equation (2.11) using a discrete Fourier transform. The ex-
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pression for the received signal in this equation shows that SR(t) can be generated us-
ing the same type of quadrature modulator as shown in Figure 2-5, except that here the
I and Q modulating waveforms are given by Re[u(t)] and Im[u(t)], respectively.

The convolution synthesis method of simulating a frequency selective channel is
the time domain dual of the Fourier synthesis method. The convolution integral in
Equation (2.6) is applied directly here. Thus both methods of synthesizing a frequency
selective signal require an integration to be performed at each time that the signal is to
be sampled. The Fourier synthesis method implements the integration (Eqn. 2.11) us-
ing a discrete Fourier transform. The convolution synthesis method implements the
integration (Eqn. 2.6) using a transversal filter. Perhaps the primary difference is that
in the convolution synthesis method the transmitted modulation waveform m(t) is input
directly rather than in spectral form. This is often convenient in hardware and soft-
ware implementations of the channel simulator, and is the reason for using convolution
synthesis in COMLNK.

A discrete version of the convolution integral (Eqn. 2.6), suitable for imple-
mentation in a tapped delay line transversal filter, is given by

N, -1
u(t) = I m(t - iA-) h(t, iAt) A- , (2.12)

i=o

where N. is the number of taps on the delay line, and AT is the delay spacing between
each tap. The complex tap weights h(t, iAt) At are giveri by the sampled values of the
channel impulse response function at delays iAr. Figure 2-6 illustrates the functional
implementation of a tapped delay line frequency selective channel simulator. This con-
figuration is implemented in hardware in the Defense Special Weapons Agency Nuclear
Effects Link Simulator (NELS II) [Hsiung, 1997], which operates at 700 MHz interme-
diate frequency (IF) and employs 48 taps on a coaxial tapped delay line. The tapped
delay line configuration is also implemented in software in COMLNK. The number of
taps used in COMLNK depends on the ratio of signal bandwidth to the channel fre-
quency selective bandwidth.

With either the tapped delay line or the Fourier synthesis approach, samples of
the channel impulse response function (or its Fourier transform) must be generated to
simulate the frequency selective channel. This can be accomplished using either the
MPS method or the GPSD statistical method. The latter approach is convenient in the
limit of strong scattering (Rayleigh fading).
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Figure 2-6. Tapped delay line frequency selective channel simulator.

Under strong scattering conditions where the GPSD is valid, the real and imagi-
nary parts of the channel impulse response function are independent, zero-mean, Gaus-

sian random variables. Specific realizations of the impulse response function can be
generated using the CIRF [Wittwer, 1980] or ACIRF [Dana, 1992a] codes. This ap-
proach enables properly correlated realizations of the received signal to be generated at
the outputs of multiple antenna§ with arbitrary aperture sizes, locations, and orienta-
tions with respect to the scattering directions.

A particularly simple special case arises when one considers the turbulent model
with isotropic scattering, a small antenna aperture (no spatial filtering), and diffractive
effects dominate. In this case, the GPSD takes the form given in Equation (2.7). Spe-

cific realizations of the channel impulse response function are generated by choosing a
discrete delay grid defined by

,ri = iAr (i = 0, 1, 2, .,NT - 1)

The total delay spread depends on the signal bandwidth, determined by the
modulation period T, and the channel bandwidth, determined by the frequency selective

bandwidth f0. The delay spread is proportional to the reciprocal of the product f0 T.
The delay spacing and the number of delay samples needed to represent the channel are
therefore functions of these parameters. If P, denotes the fraction of the total signal
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power that is to be contained in the delay grid, then integration of Equation (2.8) yields
the following expression for the number of delay taps, N,:

N =1- In(1- P) (2.13)21r f0 A'c

The mean signal power at each tap is obtained by integrating Equation (2.8) over the
corresponding delay interval:

(i+l)A'r

Pi= j G(tr)dt = exp[-iPDCOhAt] - exp[-(i + l) O(,hAC] (2.14)
iA'T

The sampled channel impulse response function for the ith delay tap is then

h(t, iAt)At = (xi + j yi) i , (2.15)

where xi and yi are independent, zero-mean, Gaussian random numbers with equal
variance of 1/2. The complex Gaussian factor provides the Rayleigh fading time his-
tory for each delay sample. It is important to remember that the channel impulse re-
sponse function is delta-correlated in delay, and hence xi and yi are independent for
different values of i corresponding to different delay taps.

At times it is desirable to generate frequency selective realizations by time-
domain filtering of white Gaussian noise, whereupon it is again convenient to assume
that the Doppler spectrum can be represented by a power-law form with an even spec-
tral index. The f- 6 Doppler spectrum produces realizations with temporal statistics
(i.e., mean fade duration and separation) that are close to that produced by a Gaussian
spectrum. Realizations of Xk and Yk with an f- 6 spectrum can be generated directly in
the time domain using three cascaded RC filters [Dana, 1994].

Each single-pole RC filter can be implemented digitally using the recursive rela-
tion in Equation (2.10), where ýi,k is the current output of the filter, ýi,k is the current
input, i is the delay index and k is the sampling index. The filter coefficients a and b
for a unity gain filter are given by the expressions

a = exp(-oC6 At / TO)

b=[(1-a2)5 ]_

2+4a7 +a4
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Separate filters with independent noise sources are used for each tap. The re-
sulting samples of the channel impulse response from Equation (2.15) are used directly
in the tapped delay line model of Equation (2.12). Alternatively, these samples can be
Fourier transformed to yield samples of the channel transfer function and then used in
the Fourier synthesis channel model, Equation (2.11).
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SECTION 3

EFFECT OF CHANNEL TAP SPACING ON DELAY TRACKING AND

AUTOMATIC GAIN CONTROL OPERATION

Generally, when developing analytic demodulation error rates, one assumes that
the receiver has negligible tracking errors so it is perfectly locked up on the signal in
time-of- arrival, frequency, and phase (if the signal is coherently demodulated). Thus
the integration period of the analog-to-digital (AID) converter is assumed to be per-
fectly aligned with the modulation boundaries in the received signal, and the phase of
the signal is assumed to be constant or varying in a prescribed manner during the sam-
ple period. Given that the receiver has well-designed tracking loops, these may be rea-
sonable assumptions if the propagation channel is either slow, flat fading or non-
fading. In benign or flat fading propagation environments the ideal delay offset is zero
so the receiver sampling time is exactly aligned with the modulation period of the re-
ceived signal. However, in a frequency selective fading environment, where the signal
energy from a transmitted symbol may arrive at the receiver over several symbol pe-
riods, the ideal delay offset is not zero. To assume otherwise is to miss an essential part
of the problem. This is particularly true in spread spectrum receivers.

In this section we develop the ideal delay tracking offset and the resulting signal
loss of direct sequence (DS) and frequency hopped (FH) receivers operating in fre-
quency selective fading channels. This section is primarily concerned with the question
of channel model simulation accuracy, rather than COMLNK validation per se. The is-
sue addressed here is the effect of delay sample spacing in a tapped delay line repre-
sentation of the frequency selective channel.

For both link simulations and hardware channel simulators, the channel impulse
response function (CIRF) is necessarily generated with a finite number of delay sam-
ples, and the performance of a delay-lock loop (DLL) is found to be quite sensitive to
the coarseness of the sampling. Thus we calculate ideal delay offset and the resulting
signal loss for both continuous and sampled CIRFs' and then compare these results to
measurements from COMLNK and actual hardware tests.

By "continuous CIRF" we mean that the delay variable is continuous and by "sampled CIRF" we
mean that the delay variable is defined only at discrete values. Because the CIRF is delta correlated in
delay, the function itself is "infinitely discontinuous" in either case.
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Measurement of the signal energy and tracking errors in COMLNK is done in
much the same way that such measurements could be made in an actual receiver2 . To
measure signal energy we monitor the operation of the automatic gain control (AGC)
which produces a control value that is roughly proportional to the signal level. This

measurement is rough because the input to the AGC is signal plus noise, not just signal,
and because the AGC is a non-linear tracking loop with start-up transients and dynami-
cally varying output as the input signal plus noise fluctuates sample-by-sample. The
significance of this will become apparent when we compare average signal energy in
COMLNK with theoretical results. Time and frequency tracking errors are measured
by comparing the tracking loop output with the "truth." An important advantage of a
simulation over actual hardware in this regard is that the truth is known, so tracking
errors can be measured accurately.

In Section 3.1 we summarize the calculation of the ideal delay offset in fre-
quency selective fading. The details of the theoretical calculations are presented in Ap-
pendices B and G for DS and FH spread spectrum receivers, respectively. These results
are compared with COMLNK and selected test results in Section 3.2.

3.1 IDEAL DELAY OFFSET AND SIGNAL LOSS.

Direct sequence and frequency hopped spread spectrum receivers have different
mathematical descriptions for the early and late samples that are inputs to a delay-lock
loop tracking filter. Thus we must treat them separately.

A functional block diagram of a direct sequence, phase-shift keying (DS/PSK)
receiver with a separate code correlator for DLL tracking is shown in Figure 3-1. An
adaptive automatic frequency/phase control (AFC/Costas) loop is used to track phase
when possible or to track frequency when phase lock is lost. The differentially encoded
PSK signal is then coherently demodulated (APSK) or differentially coherently de-
modulated (DPSK) when the AFC/Costas loop is in phase lock or not, respectively.

2 COMLNK allows monitoring of most internal parameters that could in principle be monitored in a re-

ceiver. However, there is usually very limited access, if any, to such parameters in an actual receiver,
unless it is specifically designed to include a variety of test points.
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3.1.1 Direct Sequence Spread Spectrum Delay Tracking.

In a direct sequence spread spectrum (DS/SS) receiver, early and late voltages
are formed with a code correlator 3 using early and late versions of the locally gener-
ated pseudo-noise (PN) code. The DLL error measurement is proportional to the dif-
ference in the energy between the early and late samples, and the ideal delay offset is
that for which the mean energy difference is zero. To analyze ideal delay offset we
must construct the early and late code correlator output voltages in terms of the trans-
mitted PN sequence and the channel impulse response function.

The transmitted DS/SS modulation is4

m(t)=X mk1F-~k]
k IT

where mk = ±1 randomly is the PN code, and Tc is the chip period of the code
( Rc = 1 / Tc is the code rate). The symbol H(.) denotes the rectangular function that is
defined as

1Ix ={ if 1x[_<½

0 otherwise

As described in Section 2, the received signal is the convolution of the channel impulse
response function and the transmitted modulation:

co

u(t)=rjm(t-")h(t,c)d't , (3.1)
0

3 The early and late voltages are usually generated by the same code correlator, which is time-shared
between the two measurements.

We have ignored the data modulation in this theoretical analysis because we assume that the number of
PN chips per channel symbol is large and that the delay error tracking measurements are all made
within single symbol periods. Because we consider non-coherent tracking where early and late energy
samples are compared, the ideal delay offset is independent of the data modulation. This is only one of
several design configurations available in COMLNK, wherein effects of data modulation are treated in
detail.
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where r is the mean received signal amplitude, and h(t, x) is the CIRF which is a func-
tion of time t and delay or time-of-arrival t. When the CIRF is sampled the integral in
this equation is replaced by a summation:

N,-1u(t) =r E m(t -iAc) hi (t),

i=O

where Ar is the delay sample size, N, is the number of delay samples (Eqn. 2.13), and
hi(t) is the time-varying channel response for the ith delay bin.

If we assume that the receiver advances or retards its locally generated PN code
to match that of the received signal and integrates over a fixed sample period Ts, then
the signal contributions to the early, on-time, and late voltage samples are represented
by the expressions

Ts/2 m,(t_/tD+Tc/2)u(t)dt

SE -- T- 5 ts/2

Ts -Ts/2

1 TS/ 2
S T= s fm*(t-'D-Tc/2)u(t)dtTSt = _Ts/2

where m* (t) is the locally generated PN code, "tD is the delay offset, and u(t) is the
received signal. Note that the early voltage is formed by correlating the received volt-
age with the local PN code advanced in time by one-half chip period, and the late volt-
age is formed by correlating the received signal with the local PN code delayed by one-
half chip relative to the on-time code.

It is shown in Appendix B that the signal contributions to the average energy of
the early, on-time, and late code correlator outputs for a continuous channel impulse
response function are

(EE) =(SESE*)= r2 f Te G(Tcý )Aý - A
0
00

(Eo) = (SOS*o) = r2 fTc G(Tcý)A 2'[D - ]d (Continuous CIRF)
0
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0

where 'D = TD/Tc is the normalized delay error, and G(.) is the power impulse re-
sponse function defined in Section 2. The triangle function A(.) is the autocorrelation
of the rectangular function:

A(x) ={I -[xI if xl-<1
0t otherwise

When the CIRF is sampled the integrals are replaced by sums:
N,-I

(EE)= r2 I Pi A2L['D -i/ND-½']
i=0

N,-I

(Eo) = r2 1 Pi A2[D -i/ND] (Sampled CIRF)
i=0

N• -1

(EL)=r 2 I PiA 2 L['D-i/ND +±]
i=0

where ND = Tc/AT is the number of delay samples per chip period, and Pi is the aver-
age fading power in the delay samples (Eqn. 2.14).

A non-coherent DLL attempts to equalize the energy in the early and late sam-
ples, so the DLL error signal is proportional to the measured difference in the early
and late samples, EE - EL. The ideal delay offset is then found by solving the equation

(EE (' D)) = KFL(~D))

for the normalized delay error iD. For frequency selective fading channels, the ideal
delay offset is a function of the ratio of the frequency selective bandwidth to the chip
rate, fo/Rc.

The signal energy at the output of the on-time code correlator is just KEo (%D)).
This quantity is less than r2 (its maximum value in a benign propagation environment)
in frequency selective fading channels because signal energy arriving either early or
late relative to tD by more than one chip period is severely attenuated by the code cor-
relation process. Stated in another way, the received signal spectrum is distorted by the
channel, and the code correlator is no longer matched to the signal.
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3.1.2 Frequency Hopped Spread Spectrum Delay Tracking.

A functional block diagram of a FH M-ary frequency-shift keying (FH/FSK) re-
ceiver is shown in Figure 3-2. The tracking loops in this example receiver are the
DLL, automatic gain control (AGC), and automatic frequency control (AFC)5 .

In Appendix G of this report we show that the demodulation performance of a
FH/FSK receiver is sensitive to the delay offset as are all digital demodulators. Thus it
is critical that a simulation of any communications link get the delay offset right as well
as frequency error and perhaps phase error. A brief summary of the mathematical de-
velopments in Appendix G follows.

For the purpose of computing theoretical delay offset and demodulation per-
formance of FH/FSK systems, we assume a single FSK modulation symbol per hop. An
isolated rectangular pulse then approximates the transmitted FSK signal6 :

m(t) = exp [j non Af t]ln[-]

where no is the transmitted tone (no = +1 randomly7 for BFSK, no = +1, ±3 randomly
for QFSK, no = +1, + 3, + 5, + 7 randomly for 8-ary FSK, and so on), and Af is the
tone spacing. The product Af T is equal to a positive integer for orthogonal signaling'.

Here M-ary FSK demodulation is indicated, but frequency-hopped phase-shift keying (FH/PSK) re-
ceivers have similar functional diagrams.

COMLNK does not make these assumptions. All waveforms involve a sequence of modulation sym-
bols that may have any frequency offset from one symbol to the next. Thus COMLNK can treat any
number of FSK modulation symbols per hop.

7 In theoretical developments we assume that zeros and ones are equally likely and randomly distributed
in the transmitted data stream. Thus each FSK tone is equally likely. In COMLNK, as in an actual
system, the user specifies the transmitted data stream, which may undergo a series of coding, inter-
leaving, and alphabet translation operations prior to reaching the modulator.

Note that this entire development assumes conventional M-ary FSK, wherein each transmitted tone has

a fixed offset from the center carrier frequency. This is only one option available in COMLNK, which
also implements independent tone M-ary FSK and FHIPSK receivers.
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The symbols preceding and following this "on-time" pulse are transmitted at dif-
ferent carrier frequencies determined by the pseudo-random hop pattern. During the
on-time pulse period the receiver is set to the transmitted carrier frequency assuming
that the receiver is synchronized to the hop pattern. Prior to forming the FSK tone fil-
ters, the received signal is band-pass filtered so signal energy from other tones at dif-
ferent carrier frequencies is severely attenuated and is ignored in this analysis.

Separate filters are formed in the receiver for each of the possible M transmitted
tones. For non-coherent demodulation considered here, the filter with the largest out-
put amplitude is chosen as corresponding to the transmitted tone. For suppressed-
carrier tracking which is tacitly assumed here, the filter with the largest output deter-
mines the frequency offset at which two more filters are formed. These two filters
provide samples for delay tracking during the first and second halves of the detected
symbol.

For this calculation we assume that the DLL tracking threshold (i.e., the signal-
to-noise ratio above which the DLL can maintain lock on the signal) is well below the
demodulation threshold (i.e., the signal-to-noise ratio above which an "incorrect" filter
rarely has the largest output energy). Thus at signal-to-noise ratios where the demodu-
lation error rate is small (say below about 10-20 percent), the DLL should be tracking
with nearly the ideal error, and the effect of demodulation errors on the DLL input er-
ror signals can be ignored in the analysis9.

The on-time signal contribution to the output of the correct tone filter is

0O = fu(t)exp[-inoitAft]dt

where trD is the delay offset, and T is the symbol period (also the hop period in this
analysis). To perform delay tracking, early and late samples are formed at the fre-
quency offset of the correct filter:

9 COMLNK does not involve any such assumption. If suppressed-carrier tracking is selected (sync
symbol tracking is another option), data demodulation errors degrade tracking loop operation, espe-
cially when the demodulation error rate is large. Thus the suppressed-carrier tracking threshold coin-
cides with the demodulation threshold in COMLNK, as in a real receiver.
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SE =-- f u(t)exp[-jno7:Af t]dt
"CD-TI 2

1 'rD+T/2

SL =- T u(t)exp[-jno7rAf t]dt
TD

The on-time signal used for demodulation is equivalent to SE + SL.

In Appendix G it is shown that for a continuous CIRF the signal contribution to
early, on-time, and late energy is

oc

(EE) = (SESE*)= *r2 fTG(Tn)E2 [2(ý - iD) + ½]dý
0

F0) 0= (SoS) = r2 fT G(T) A2 [ - D ] dý (Continuous CIRF)
0

=2

(EL)=(SLSL)=ri2 JTG(Th)E2[2(ý-'D)-½]dý
0

where E(-) is the trapezoid function defined as

~x) -[I if ½<lxI<
3XIif _L<xI<X1:3

otherwise

For sampled CIRFs these equations become
N, -1

(EE)=*r2 - PiE 2 [2(1/ND-rD)+½]
i-0

N• -1

(Eo)=r2 = Pi A 2[i/ND -- D] (Sampled CIRF)
i=0

N¢ -1
(EL) = -¼r2 i Pi[2[(11ND-C)½

(F )- - 'D 2
i=0

The ideal delay offset is found by solving the equation (EE)= (EL) for tD-

In a frequency selective fading channel, the on-time signal energy (Eo(iD)) is
less than its maximum value (r 2 ) in a benign environment because transmitted energy
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arriving early (at times before 'ED - T/ 2) arrives before the receiver has hopped to the
on-time carrier frequency and transmitted energy arriving late (at times after
"tD + T/ 2) arrives after the receiver has hopped to the carrier frequency for the next
transmitted tone. Only signal energy arriving in the period "tD - T / 2•< t < "tD + T / 2
contributes to the output of the on-time tone filter.

3.2 COMLNK DLL TRACKING AND SIGNAL LOSS.

In this section we compare measured values of the DLL tracking error and re-
ceived signal energy from COMLNK with the ideal values computed above. However,
before making these comparisons, a few comments on fidelity of such measurements,
whether from a simulation or from actual hardware, are in order.

3.2.1 Raw Data From COMLNK.

COMLNK is a faithful emulation of a modem digital communications link. Thus
measurements of received signal energy and DLL tracking errors are always corrupted
by noise and transients just as they are in an actual receiver. Furthermore, analysis
provides ensemble average values, whereas measurements from a simulation or from
hardware are averages over a limited time span using specific realizations of the signal
and noise processes.

To illustrate the implication of this point we show in Figures 3-3 through 3-12,
for five values of the ratio fo/RC, the simulated AGC gains (in decibels) and the DLL
tracking errors (in units of the PN chip period Tc) of a DS/DPSK receiver as a func-
tion of time over the 100-second period of each case (zero time corresponds to the start
of the simulation). The channel bit energy-to-noise spectral density ratio Ecb/N 0 is
30 dB for each case, and the frequency selective channel in COMLNK is sampled with
tap spacing equal to one-half the chip period, so ND = Tc/At = 2. For each plot, the
channel decorrelation time (tro) is 0.03 seconds, the AGC time constant is 3 seconds,
and the DLL and frequency lock-loop (FLL) bandwidths (BL) are 0.1 Hz.

Two mean values of AGC gain and DLL tracking error are given in the plots.
The values labeled "100 sec" are computed by COMLNK and represent time averages
over the entire simulation period. (A mean value of the AGC gain of 0 dB corresponds
to no loss in signal energy at the output of the on-time code correlator.)
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Figure 3-3. AGC gain of DS receiver in a frequency selective fading channel
with fo / Rc 1.0.
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Figure 3-4. DLL tracking error of DS receiver in a frequency selective fading
channel with fo / Rc = 1.0.
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Figure 3-5. AGC gain of DS receiver in a frequency selective fading channel
with fo / Rc 0.2.
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Figure 3-6. DLL tracking error of DS receiver in a frequency selective fading
channel with fo / RC = 0.2.
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Figure 3-7. AGC gain of DS receiver in a frequency selective fading channel
with fo / Rc 0.1.
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Figure 3-8. DLL tracking error of DS receiver in a frequency selective fading
channel with fo / Rc = 0.1.
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Figure 3-9. AGC gain of DS receiver in a frequency selective fading channel
with fo / Rc = 0.08.
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Figure 3-10. DLL tracking error of DS receiver in a frequency selective fading
channel with fo / Rc = 0.08.
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Figure 3-11. AGC gain of DS receiver in a frequency selective fading channel
with fo /Rc 0.06.
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Figure 3-12. DLL tracking error of DS receiver in a frequency selective fading
channel with fo / RC = 0.06.
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Even if the track histories were smooth, these mean values would tend to under-
state the tracking errors and signal loss because of the initial transient. For the delay
and frequency tracking loops we use a rather small bandwidth of 0.1 Hz and for the
AGC we use a rather long time constant of 3 seconds to minimize the variation with
signal strength fluctuations. This, of course, causes a rather slow response to the mean
loss and mean delay of the received signal. Larger loop bandwidths would result in
much larger fluctuations in the AGC gain and DLL tracking error than are observed in
these plots.

When the initial transient is removed by deleting the first 20 seconds of data
from the time averages, it is evident that these measurements labeled "80 sec" still can
exhibit significant statistical fluctuation, particularly at small values of f0 /RC. This is
a real-world phenomenon and illustrates the difficulty in accurately measuring the
mean signal loss and delay error in real or simulated systems. Nevertheless, the track-
ing loop transients at the beginning of the simulation appear to have only a small effect
on the mean AGC gain and DLL error, on the order of a few tenths of a decibel and a
few hundredths of a chip, respectively.

3.2.2 Comparison of COMLNK Delay Tracking with Theory.

A comparison between DLL tracking errors (in units of the PN chip period, TC)
from averaging COMLNK measurements and the theoretical delay offset in frequency
selective fading is shown in Figure 3-13 for a direct sequence spread spectrum re-
ceiver. Other than Rayleigh fading, no other signal dynamics are applied here such as
occur from slant range or total electron content dynamics, although they are imple-
mented in the simulation program. The COMLNK data plotted with solid circles are
from the simulation runs discussed in the previous subsection (100 second averages are
plotted), and the COMLNK data plotted with open circles are from Dana, Milner, and
Bogusch [1995].
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Figure 3-13. Comparison of COMLNK and ideal direct sequence delay tracking er-
rors in frequency selective fading channels.

The ideal curves in Figure 3-13, taken from results presented in Appendix B,
are for a continuous CIRF and for a sampled CIRF with two samples per PN chip,
which is the tap spacing currently used in COMLNKO.

There is excellent agreement between the COMLNK results and the ideal sam-
pled CIRF curve for fo/RC values above 0.05 or so. This agreement does break down

for values of fo/Rc less than about 0.05, as expected. For channels with such small
values of frequency selective bandwidth, the early and late energy are nearly equal and
slowly varying with delay for values of iED greater than zero. At smaller values of de-
lay the late energy rapidly approaches zero so there is good discrimination in the delay
error measurement, EE - EL. Thus an actual DLL tends to wander on a very flat error

'0 On the basis of results shown here, a future version of COMLNK may allow the number of delay
samples per chip to be selectable by user input. Thiso. s rto obtain delay tracking per-
formance results that are closer to the continuous CIRF curve at the expense of additional computation
time. When comparisons with hardware test futresuerne to be made, however, the delay spacing in

COMLNK should correspond to the delay spacing employed in the hardware channel simulator.
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surface under these conditions, except when the delay approaches zero. Then the error
measurement gives the DLL a strong push to larger delays. Hence an actual DLL is bi-
ased towards larger delays than the theoretical value when fo/Rc is small. The depar-
ture of the measurements from theory at low signal levels, resulting here from small
fo/Rc, is typical of the tracking threshold observed in any nonlinear tracking loop.

The corresponding code correlator loss is plotted in Figure 3-14. COMLNK re-
sults for the five cases discussed above are plotted with solid circles. The solid triangles
with error bars are prototype L3P receiver test results generated using the DSWA
NELS II channel simulator [Bogusch and Guigliano, 1982; Dana, 1995c]". Again there
is good agreement between the COMLNK results and the ideal curve, and for the code

14 . I I , II'

Sampled CIRF:
12 ......... Ideal (A r = Tc/2)

.t. 10 **.,-A8NELS(`4r=Tc/5)

.~ 8

- 6

0

( 4
-. Continuous

2 - CIRF

-2 I 1 III 'lf I I I ii

10-2 10-1 100 101

Frequency Selective Bandwidth, fo/Rc

Figure 3-14. Comparison of COMLNK, !4P test results, and ideal direct sequence
code correlator loss in frequency selective fading channels.

"This prototype receiver, which uses the Global Positioning System (GPS) P-code, was tested with the
NELS II 20 nsec tapped delay line. The GPS P-code has a 10.23 MHz chip rate so the number of
NELS taps per chip is about 5.
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correlator loss, there is also excellent agreement between COMLNK results and actual
hardware measurements. Note again that both the COMLNK and actual hardware test
results are obtained from AGC operation, which as shown earlier can easily introduce
a measurement uncertainty of several tenths of a decibel at small values of f0 / Rc.

These results show that the signal energy loss at the output of the on-time code
correlator is relatively insensitive to the number of delay samples per chip. For com-
munications links this may be all that is necessary for COMLNK to accurately repro-
duce the error rate performance of an actual receiver operating in a channel with a
continuous CIRF. However, if COMLNK is used to simulate the navigation perform-
ance of a Global Positioning System (GPS) receiver in frequency selective channels for
example, then the discrepancy between the delay offset with a sampled CIRF and that
which would occur with a continuous CIRF may indeed be very significant, assuming

that the GPS receiver could maintain code lock in such cases. Note that this also applies
to an actual GPS receiver that is being tested with a hardware channel simulator.

The ideal delay offset for a frequency hopped FSK spread spectrum receiver is
plotted in Figure 3-15. The corresponding signal energy loss at the output of the cor-
rect tone filter is plotted in Figure 3-16. The delay offset is plotted for a continuous
CIRF and for a sampled CIRF with two delay samples per symbol period, T. There is.
excellent agreement between the delay offset from COMLNK and the ideal results.

Again there is a discrepancy between the delay offset for a coarsely sampled
CIRF and that for a continuous CIRF.

Note that the number of channel delay samples per modulation symbol period
makes little difference in the signal energy at the output of the correct tone filter. The
solid line in Figure 3-16 is the ideal loss in signal energy for a continuous CIRF, and
the dashed line is the loss for a CIRF with two samples per modulation period. The
solid circles are losses measured with a COMLNK simulation of a FH link using two
channel delay samples per symbol and a finite signal-to-noise ratio. These measure-
ments were obtained by measuring the average AGC gain, a measurement that could
also be made using an actual receiver. The effect of the initial transient in the AGC
gain has been minimized by deleting the first 20 seconds of data from the time aver-
ages.
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Figure 3-16. Comparison of COMLNK and ideal frequency hopped tone filter signal
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For either a DS or FH system, there probably is little measurable difference in
communications link performance for continuous and sampled CIRFs when both have
delay errors less than a tenth of a chip or so. However, for small values of f0 / RC this
difference can be several tenths of a chip. Under these conditions and when the re-
ceived signal is also undergoing time-of-arrival dynamics, such differences in delay
tracking may determine whether or not the receiver maintains lock on the signal, al-
though data demodulation will likely be unacceptably bad in either case.

Although we have concentrated here on the effects of channel delay sampling on
simulated delay tracking performance, these effects also exist in hardware channel
simulators connected to actual receivers. Frequency selective channel simulators such
as NELS and the new DSWA Advanced Channel Simulator (ACS) [Dana, 1 995a] are
implemented using tapped delay lines with some number of taps per chip, just as in
COMLNK. With a fixed number of taps, the way one simulates channels with smaller
values of frequency selective bandwidth is to increase the tap delay spacing. If the re-
sulting number of taps per chip is small, one needs to be careful that receiver perform-
ance is not unduly affected by channel tap spacing. Because of its high degree of accu-
racy, COMLNK is an excellent tool for investigating the effect of tap spacing on
tracking loop operation and data demodulation performance.
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SECTION 4

COMLNK DEMODULATION PERFORMANCE

A critical step in the COMLNK validation process involves comparison of meas-
ured demodulated error rates with theoretical results. After the demodulator,
COMLNK is an emulation of a modem digital receiver. It is at the demodulator that
the simulation of the channel, thermal noise, and transmitted modulation come to-
gether, and it is at that point that we compare measured error rates from COMLNK
with theoretical curves.

Analytic expressions are available for phase-shift keying (PSK) and frequency-
shift keying (FSK) modulation formats for non-fading and slow Rayleigh fading chan-
nels (see, for example, Schwartz, Bennett, and Stein [1966] or Bogusch [1989]). How-
ever, the stressing channels for demodulation are fast fading or frequency selective
fading or both, and only a limited number of analytic results were previously available
for these types of channels (for example Bello and Nelin [1962a, 1962b, 1963]). Thus
to thoroughly validate the COMLNK simulation we have derived new results for PSK
and FSK demodulation performance in fast, frequency selective fading channels in-
cluding, in some cases, the effects of channel delay sampling and delay offset. These
new results are derived in the Appendices to this report and are summarized in the
following subsections.

This section is organized as follows. In Section 4.1 we compare simulated and
theoretical PSK and FSK demodulation performance in non-Rayleigh (Rician) and slow
Rayleigh fading channels. Then COMLNK demodulation performance in fast, flat
Rayleigh fading is compared with theory in Section 4.2 for differentially coherent PSK
(DPSK) and non-coherent M-ary FSK. Finally, COMLNK frequency selective fading
demodulation performance of DPSK and binary FSK (BFSK) with and without fre-
quency hopping is discussed in Section 4.3.

4.1 SLOW RICIAN AND RAYLEIGH FADING CHANNELS.

In the context of demodulation, slow fading means that the channel decorrelation
time is long compared to any time scale over which the receiver expects the signal to
be coherent. Slow fading demodulation error rates are then given by averaging non-
fading expressions over the probability distribution of the fading amplitude and, as
such, are independent of the Doppler frequency spectrum of the fading. The time scale
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over which the receiver expects the signal to be coherent depends on the transmitted
modulation rate and on the approach to demodulation. For coherent demodulation, the
receiver must maintain phase-lock on the signal, and the coherence time is inversely
related to the bandwidth of the phase-lock loop. For differentially coherent PSK de-
modulation and non-coherent FSK demodulation, the relevant time scale is that of the
channel symbol period.

4.1.1 Error Rate Expressions.

The APSK, DPSK, and M-ary FSK channel bit error rates in AWGN channels
are given by the usual formulas:

P, = erfc[,EEcb/No, {1--erfc[jEb N,]} (non-fading APSK)

Pe = i exp [- Ecb/NO ] (non-fading DPSK)

M (_~k ( / 2(M -2)! Fx (k -1) log 2 M Eb
P = • 1( M -(M - E!N (non-fading M-ary FSK)

k=2 ek N

where Ecb/No is the channel bit energy-to-noise spectral density ratio, and erfc(.) is
the complementary error function. Note that there are log 2 M channel bits per symbol
in M-ary FSK.

Theoretical formulas for slow fading channel bit error rates are given by aver-
aging these expressions over the distribution of fading amplitude. Although there is not
a single probability distribution that describes non-Rayleigh fading, the Rician distri-
bution appears to represent a reasonable worst-case [Dana, 1993]. This distribution has
the added advantage of being easily implemented as Rayleigh fading plus a constant
component. The Rician probability density function of the fading power is given in
Equation 2.2 of this report, and is reproduced here:

fRice(S) l_ exp R-]I 2-

where 10 (-) is the modified Bessel function of order zero, and the average fading
power (S) is unity. The quantity R is the "Rician Index" which is defined in terms of
the scintillation index S4 :

R= I-S2
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For non-fading channels (S4 = 0 and R = 1) the Rician power probability density func-
tion behaves as the delta-function 8(S - 1), and for Rayleigh fading channels (S4 = 1
and R = 0) the Rician power probability density function reduces to the Rayleigh ex-
ponential form.

Theoretical slow Rician fading PSK and FSK channel bit error rates are given by
averaging the non-fading results over the probability density function of the instanta-
neous received channel bit energy-to-noise spectral density ratio:

00

(P)= JPe(Y'S)fRice(S)dS
0

where = ECb /No is the average channel bit energy-to-noise spectral density ratio. For
APSK the resulting integral cannot be obtained in closed form to the authors' knowl-
edge, so the indicated integral must be done numerically. For the other two modulation
techniques, the Rician fading channel bit error rates are

(I) = 1 [[R7 ] (Slow, Rician-fading DPSK)
k2 + 2(1k- R]x 1 +(1- R)y

P)M k (M / 2)(M - 2)! 1 exp R&) = I -) k! (M - k)! I.+ (I- R)Tk x_ I1+(I1- R)3'

(Slow, Rician-fading M-ary FSK)

where Yk = (1 - 1/k) (log 2 M) Ecb /No. The APSK error rate can be obtained in closed
form for Rayleigh fading, so the Rayleigh fading channel bit error rate expressions for
the three modulation-demodulation techniques are

1 7c-2tan-l(1 +7/-+-)
(P)= -) (Slow, Rayleigh-fading APSK)

(P) = 2 (Slow, Rayleigh-fading DPSK)

M k(M1/2)(M -2)! I

(Pe)= D(-1)k (Slow, Rayleigh-fading M-ary FSK)
k=2 k!(M - k)! l+7k3
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4.1.2 M-ary FSK Sampling Loss.

In an actual receiver or in COMLNK, the tone filters of an M-ary FSK receiver
are often implemented using discrete Fourier transforms (DFTs) of multiple samples
per symbol. This results in a sampling loss that must be included in the comparison
between the analytic results presented above and results from COMLNK.

To compute the sampling loss consider an isolated transmitted M-ary FSK sym-
bol. Before up-conversion to RF, the transmitted signal as a function of time is

m(t)= exp(jno7cAft)H ( T

where T is the symbol period, no is the modulation index (± an odd integer), Af is the

modulation tone spacing, and IH(.) is the rectangular function. In the absence of fading,
the signal contribution to the k1h discrete sample used in an NT-point DFT is

1(k+l)At
Sk = A f+m(t)dt

At kAr

where At = TINT is the time duration of each sample. Sampling loss occurs because
the down-converted and sampled signal is never actually at baseband, but rather has a
radian frequency offset of no0 7Af. Thus the sampled signal has a time-varying phase
during the integration period At with a loss in output power as a result.

Upon substituting the expression for the transmitted symbol into the expression
for the discrete samples, the signal contribution to the samples reduces to

Sk = exp [jnotc(k + 1½2)AfAt'sn[ no7tAfAt]
-f noztAfAt

The sin (x)/x factor in this expression is the signal amplitude sampling loss given that
the no tone was transmitted. Assuming that all M-ary symbols are equally likely, the
average sampling signal power loss is

2M2 sin2-[(2i-l)oM / N,]
Ls = 2 =1 -/ ]2

where coM = 27r AfT is the normalized tone spacing. For orthogonal signaling AfT is
a positive integer.
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4.1.3 COMLNK Results in Slow Fading Channels.

Perhaps the most basic requirement of a communications link simulation in fad-
ing channels is that it reproduces the correct non-fading and slow fading channel bit
error rates. Once this requirement is verified, then we can proceed to performance
verification in more complex fast, frequency selective fading channels.

APSK, DPSK, and 8-ary FSK channel bit error rates in slow Rician fading chan-
nels are presented in Figure 4-1 versus the scintillation index, S4 . For each modulation
type the channel bit energy-to-noise spectral density ratio ECb /No is 10 dB. No phase
variations from slant range or total electron content dynamics are imposed on the
simulated signal. The solid lines in the figure are theoretical performance curves gen-
erated from the expressions given previously in this section, and the symbols are
COMLNK simulation points. The 8-ary FSK results in Figure 4-1 are for minimum
tone spacing (Af T = 1) using a 16-point DFT for demodulation. Thus there is a 0.29
dB sampling loss [Bogusch, 1989] in this case, giving an effective value of Ecb/NO of
9.71 dB for the theoretical results.

The most striking feature of the results in this figure is the severe degradation of
the channel bit error rate as the channel varies from non-fading (S4 = 0) to full
Rayleigh fading (S4 = 1). The error rates vary from between 1.6 x 10-6 (8-ary FSK)
and 2.3 x 10.' (DPSK) for the non-fading channel to about 4-5 percent, essentially in-
dependent of the modulation format, in the Rayleigh fading channel. Thus while one
can obtain significant improvement in non-fading channels by using 8-ary or higher
order FSK modulation, slow Rayleigh fading is a great equalizer of modulation tech-
niques. As will be seen, there are distinct differences in the performance of the modu-
lation types in fast or frequency selective fading.

There is excellent agreement between the COMLNK and theoretical results plot-
ted in Figure 4-1. The COMLNK results lie above theory as they should, but closely
follow the theoretical curves as the scintillation index varies. The most noticeable
variation between COMLNK results and theory occurs with 8-ary FSK in a non-fading
channel. This difference is due in part to the finite precision of the sine and cosine ta-
bles in used to perform the DFT demodulation in COMLNK. Finite precision results in
a quantization loss in addition to the sampling loss already included in the theoretical
results. This is one of the many implementation considerations faced by designers of
digital communications equipment.
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Two sets of COMLNK results for APSK are plotted in Figure 4-1 because there
are at least two ways to demodulate this waveform. Coherent PSK demodulation with
absolute phase encoding is generally rendered useless in a fading channel (slow or oth-
erwise) by numerous phase slips in the phase-lock loop'. Thus for fading channel ap-
plications, coherent PSK should be implemented using differentially encoding and de-
coding to resolve the inherent n-phase ambiguity arising from suppressed-carrier
phase-lock demodulation. The only meaningful error rates are those after the differen-
tial decoder. Another way to implement APSK is to use DPSK modulation directly with
coherent phase-lock demodulation. This technique is perhaps best described as I-
channel DPSK demodulation because the Q-channel samples are dropped from the data
demodulation algorithm.

The two techniques produce results that are similar, but not identical. The basic
distinction is that the first technique performs differential demodulation with hard I-
channel binary decisions (labeled "Hard I-Channel Demod" in the figure), while the
second performs differential demodulation with soft I-channel samples (labeled "Soft I-
Channel Demod" in the figure). Both techniques suffer significantly from imperfect
phase tracking. The results show a clear, albeit small, advantage of the hard limited
version of APSK over I-channel DPSK. Apparently the noise statistics that occur when
hard limited samples are multiplied are different and slightly more favorable than
those that occur when non-limited samples are multiplied. The squared noise in the
latter case (I-channel DPSK) is slightly worse.

While APSK performs better than DPSK in non-fading channels and about the
same as DPSK in slow Rayleigh fading, Bogusch [1989] shows that APSK performs
significantly worse than DPSK in fast Rayleigh fading channels. Thus DPSK is the pre-
ferred PSK technique for communications links that must contend with fading.

A powerful mitigation technique is diversity combining of signals that are inde-
pendently fading. It is much less likely that two independently fading signals will si-
multaneously be in deep fades than it is that either one will be in a deep fade. However,
simply coherently combining independently fading signals does not improve the signal-

An exception to this generalization arises for very high data rate links that employ exceptionally large
phase-lock loop bandwidths. In such cases the occurrence of phase slips may be sufficiently infrequent
as to enable coherent PSK demodulation to be used successfully, with CRC or frame synchronization
techniques for ambiguity resolution.
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to-noise ratio because the signals are non-coherent. Thus non-coherent techniques must
be used, and DPSK demodulation produces an ideal quantity for combining.

The basic decision metric for DPSK demodulation is

rh = Ik•4-1 + QkQk-I

where Ik and Qk are the in-phase and quadrature-phase voltage samples for the kth

symbol period. A positive value for Az indicates no phase change in the received signal
between the k - 1s' and kth symbol periods, and a negative value indicates a n-phase
change. If exactly the same data is available on Nc channels then one can simply sum
together the DPSK decision metrics for all the channels:

m=-Zrnj
NC j=1

The resulting DPSK demodulation error rate is computed in Appendix E for combining
of two and three metrics.

One way to implement diversity combining is take advantage of the time diversity
in a Rayleigh fading channel. An example is a link with a block interleaver. To imple-
ment diversity combining, one simply uses block repetition (i.e., the data in the block
interleaver is repeated multiple times and the DPSK metrics for the same channel bit in
each block are combined). Assuming a statistically stationary channel, each individual
decision metric has the same average value of Eb/INo but fades independently if the
interleaver span is chosen to be long compared to the channel decorrelation time.

When the individual DPSK decision metrics fade independently, the combined
DPSK demodulation error rates are

e 1 Channel
(Pe)= }(4+y,)e-" 2 Channels

[(32 +12y+Vy2)e- 3 Channels

where y is the average value of EUb /No.
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These theoretical two- and three-channel diversity combining bit error rate results
(i.e., the error rate after combining assuming no further processing) are compared with
COMLNK simulation results in Figure 4-2. The user bit energy-to-noise spectral density
ratio Eub/No is the same for all diversity combining cases. The value of Ecb/No then
depends on the number of combined channels:

EcbINo (dB)= EubINO (dB)- lologlo(Nc)

This keeps the total user bit energy constant as the number of channels changes.

For comparison, the ideal single-channel DPSK user error rates for non-fading
and Rayleigh fading channels are also plotted in the figure. The simulation runs were
generated using a block interleaver with a span equal to 240 times the channel decorre-
lation time without repetition. To keep the user bit rate constant with repetition, the in-
terleaver span is effectively reduced as the number of repetitions increases. Thus the
separation between repeated channel symbols is 120"r 0 for two repeats and 80'r 0 for
three repeats. These separations are sufficiently large that the fading from symbol-to-
symbol is independent.

Three sets of simulation results are plotted in Figure 4-2. The first set, labeled
"COMLNK (AGC, 4 Bits)" was generated first for two-channel combining and plotted
with open circles. The second set, labeled "COMLNK (No AGC, 4 bits)" was generated
for both two- and three-channel diversity combining using 4 bit quantization of the in-
dividual DPSK decision metrics. The third set, consisting of two points labeled
"COMLNK (No AGC, 8 bits)," was generated using 8 bit quantization of the individual
decision metrics.

The first set of data was generated with the automatic gain control (AGC) track-
ing loop on because the runs encompassed a large range in signal strengths, and a real
receiver would attempt to maintain the signal level near some design value. At large
values of Ecb INo we observed that the two-channel DPSK demodulator was beginning
to depart from theory, with the departure increasing as the signal energy increased. The
result is a tendency for the error rate curve to flatten out to an apparent "irreducible"
value. However, the channel fading rate is very slow compared to the symbol rate, so
phase effects do not explain this data.
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An active signal-based AGC reduces the signal level when Ecb /No is above the

design value, and small quantized values of signal plus noise in fades results in a loss of
precision. At very large mean signal strengths, both the signal and noise voltages can
fall off the bottom of the quantizer during deep fades. Thus, while an ideal analog de-
modulator would likely make correct decision, a real digital demodulator with a signal-
based AGC will produce zeros during deep fades, which are correct 50 percent of the
time, on the average.

This is a real phenomenon. It normally causes no problem because when it oc-

curs the demodulation error rate is so low that any decent error-correction decoder
produces no errors. It is also not a problem in a non-fading channel where the signal

remains at its mean level. It is noteworthy that COMLNK exhibits this degree of fidel-
ity. The AGC parameters could have been chosen to provide improved operation.
However, to compare COMLNK results with theory we reran the two-channel simula-
tions with the AGC turned off, and observed that the demodulation error rates were
close to the theoretical curve over the full range of signal strength. The three-channel
case was only run with the AGC off.

Although the COMLNK results with the AGC turned off follow the theoretical
curves, the solid circle simulation points do tend to deviate from theory at low error
rates. This, we suspected, is due to the finite precision of the individual decision met-
rics even with the AGC turned off. Most of the cases were run with 4 bits of precision
in th before combining. To test this hypothesis, we reran both the two- and three-
channel cases at one large value of E,bI/No using 8 bits of precision in rh before com-
bining. These results, plotted with solid squares in the figure, fall right on the corre-
sponding theoretical curves. Thus, not only are the DPSK demodulation and combining
results verified, it is also seen that COMLNK provides the fidelity to investigate hard-
ware design details such as quantization.

4.2 FAST RAYLEIGH FADING CHANNELS.

Real Rayleigh fading channels are not infinitely slow, and further degradation in
the channel bit error rate occurs when fast fading effects are considered. Demodulation
error rates for DPSK and binary FSK (BFSK) were derived by Bello and Nellin
[1963b] about 35 years ago. Rutherford [1978] extended these results to M-ary FSK by
ignoring the tone filter cross correlation terms. We report new fast fading results for
DPSK and M-ary FSK in the appendices of this report for the Doppler frequency
spectra characteristic of transionospheric scintillation [Wittwer, 1980]. Unfortunately,
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these results are not given by simple mathematical expressions as is the case for slow
Rayleigh fading, so we leave some details in the appendices.

4.2.1 DPSK Performance.

The single-channel fast fading DPSK demodulation error rate, derived in Ap-
pendix B of this report, is

(P)= R, -R-R2 1 +l (DPSK, Fast Rayleigh Fading)
2(yR, +1)

where
I

R1 2f 2(1- ý)p(Tý)dt

0

R2 -J(1-t){p[T(l-t)]+p[T(l+t)1}dt

0

T is the channel bit period (I / T is the channel bit rate), and p(.) is the temporal auto-
correlation function of the fading. Analytic results are possible for DPSK performance
in fast Rayleigh fading for all cases where these integrals have closed form expressions.
(R1 and R2 for the Gaussian and f-4 Doppler frequency are given in Appendix B).

A comparison of COMLNK and theoretical results for the DPSK channel bit er-
ror rate in fast Rayleigh fading with an f--4 Doppler frequency spectrum is shown in
Figure 4-3 for several values of the ratio of the channel decorrelation time to the
channel bit period, to0/TCb. Excellent agreement is seen in the figure between the
simulation and theoretical results.

Another presentation of these data is to consider the channel bit energy-to-noise
spectral density ratio necessary to achieve a 10 percent channel bit error rate. This is
an interesting error rate because maximum-likelihood, low-rate error correction de-
coders with uncorrelated input errors at this error rate produce an output error rate of
10-5 or less. The required value of ECb/NO to achieve the ten percent demodulated er-
ror rate is shown in Figure 4-4 for APSK and DPSK modulation. The solid line in the
figure is the theoretical curve for DPSK, and the circles are COMLNK simulation
points (open circles connected by a dashed line for APSK and solid circles for DPSK).
To the authors' knowledge, no fast fading analytic result exists for APSK. Again close
agreement is seen between the COMLNK and theoretical DPSK results.
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The results in Figure 4-4 illustrate that DPSK has more robust performance in
fast fading than does APSK. Indeed for the same channel bit rate, one can operate a
DPSK link in faster fading channels (by a factor of 2 or so) with a lower signal-to-
noise ratio than is required with APSK.

DPSK test data are available from the prototype L3P receiver scintillation test
program conducted with the NELS channel simulator circa 1982 [Bogusch and
Guigliano, 1982; Dana, 1995c]. Channel bit error rate measurements obtained at chan-
nel decorrelation times of 5 and 100 msec are compared with recently generated
COMLNK results in Figure 4-52.

4.2.2 BFSK Performance.

An exact expression for the binary frequency-shift keying (BFSK) channel bit
error rate is derived in Appendix F. This expression is

(Pi R1 -R-- 2 - (BFSK, Fast Rayleigh Fading)

S +(R +R2 + 2y-1) 4R

where

R1 =2fp(Tn)(1- •)d (4.1)
0
1

R2 2Jfp(Tn)(1- )cos(coM )dý (4.2)
0

=2(l))Af T 1
R3 =(-)fT p(Tn)sin (coM ý)d4 (4.3)

C0M 0

2 The remarkable agreement to within a small fraction of a decibel between test, theory, and simulation

results seen in this figure is achieved by applying an implementation loss to the theoretical and
COMLNK results. This loss of 1.5 dB is derived from non-fading test results as described in Dana
[I 995c]. Nonetheless, the test and simulation results follow the precise shape of the theoretical curves,
validating both the theory and COMLNK, as well as the NELS hardware simulator.
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Figure 4-5. Comparison of test and COMLNK results for the DPSK demodulation
error rate of the prototype L3P receiver.

The quantity T in these expressions is the FSK symbol period, which for BFSK is also
equal to the channel bit period, Tb (this is not the case for higher order FSK), and the
normalized tone spacing radian frequency is 0oM = 27cAfT. Expressions for R1, R2,
and R3 for the f-4 Doppler frequency spectrum are given in Appendix F. To the
authors' knowledge, closed form expressions for these integrals are not possible for the
Gaussian spectrum, although the integrals can be evaluated numerically in this case. In
slow Rayleigh fading, R2 and R3 are equal to zero, R, is equal to unity, and the BFSK
fast fading channel bit error rate reduces to the slow fading expression:

(P,) 1 (BFSK, Slow Rayleigh Fading)
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A comparison of these results to COMLNK simulation results is shown in
Figure 4-6 for minimum tone spacing (Af T = 1), an f- 4 Doppler frequency spec-
trum, and three values of the normalized channel decorrelation time, to/TCb. For this
case the COMLNK and theoretical results agree perfectly.

4.2.3 M-ary FSK Performance.

For Rayleigh fading, the output signal plus noise voltages of the M filters of an
M-ary FSK receiver are correlated, complex, zero mean, normally distributed random
variables. It is the correlation between the signal contribution to the tone filter outputs
that makes the calculation of the non-coherent M-ary FSK demodulation error rate a
difficult mathematical problem that may not be tractable. Ignoring the correlation, it is
possible to compute the demodulation error rate for the general case from the variance
of the outputs of the M filters, as shown in Appendix F and summarized below. We
show in the appendix that ignoring the correlation gives an upper bound to the actual
demodulation error rate.

We have already calculated the variance of the output voltages of the M filters,
although a slight generalization is needed. These results are given in Equations (4.1)
and (4.2). The required generalization is that the R2 integral becomes

I

R2 (k)= 2fp(Tn)(1- )cos(coMký)d ,
0

where k is the distance of the other filter from the correct filter [k = (i - 1) / 2 where i
and I are odd integers]. To simplify the notation, we rewrite the filter output variances
as follows:

0= r 2 [R1 +-1] (4.4)

Rk = r2[R2 (k)+ 7-]

where r is the mean signal amplitude. Formulas for R1 and R2 (k) for an f--4 Doppler
frequency spectrum are given in Appendix F with coM replaced by kcoM. The R1 inte-
gral given in the appendix for the signal energy out of the correct tone remains the
same in this case.

It is shown in Appendix F that the probability of selecting the correct tone filter
is given by the expression
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2 2 M/2-1
Pc = MPM(oVI,'",'VM-1)+"• PM(Vo,V1,'"-,VI-1,Vo,'"-,VM-I-1)

SM •'M 1

where Vk = Ik / g0 and v0 = 1. The PM terms are evaluated by recursion:
VOV,

and

2(V0'V) V20
V0 +V 1

In fast fading the relationship between channel symbol error rate and the bit er-
ror rate is not given by the AWGN formula ½ M/(M- 1). In deriving this expression,
it is assumed that when a demodulation error occurs all incorrect tone filters are
equally likely to be selected. This is only the case when all incorrect filters have equal
output amplitudes on the average. This is not the case with M-ary FSK demodulation in
fast fading channels. Rapid variations of signal amplitude and phase cause the received
signal spectrum to smear out. This Doppler spreading causes the receiver filters to be-
come mis-matched, and some of the signal energy that would otherwise appear at the
output of the correct filter instead appears in the outputs of adjacent filters.

Thus, when the channel bit error rate is less than 50 percent in fast fading, M-ary
FSK demodulation errors are most likely to be made by choosing a filter adjacent to
the correct filter. This changes the average number of channel bit errors per channel
symbol error. For example, the AWGN formula predicts this ratio to be Y7 for 8-ary
FSK, whereas the ratio is I/1• when adjacent filters cause all demodulation errors. The
difference is even larger for 16-ary FSK where the AWGN formula predicts a ratio of
Y15 or 0.53, whereas the adjacent filter assumption results in a ratio of 'Y0 or 0.43. Of
course the ratio is 1 for BFSK, and one can show that it is Y for QFSK in either case.

The difficulty here is that this change in the relationship between symbol and bit
error rate is not accounted for in our theoretical development, whereas it is treated
automatically and properly in COMLNK. We can avoid this difficulty by comparing
theoretical and simulation results for channel symbol error rates, rather than bit error
rates, for the 8-ary and 16-ary FSK cases.

For QFSK the average channel bit error rate is obtained from the probability P,
that the correct filter has the largest output amplitude as follows:

(Pe)=-1(l -P) QFSK
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where this formula holds whether one assumes that all incorrect tone filters are equally

likely to be chosen when a demodulation error occurs (AWGN case), or that the tone
filters adjacent to the correct one are most likely to be chosen (fast fading). Compari-
sons of the fast Rayleigh fading theoretical results with COMLNK simulation results
are presented in Figure 4-7 for QFSK with minimum tone spacing (AfT = 1) and
",ro/T.b ratios of 1, 3, 10, and 30. As predicted, the simulation results fall slightly be-
low the theoretical curves that are an upper bound because the correlation between the
signal components of the tone filter outputs is ignored in the theory.

For 8-ary and 16-ary FSK, the theoretical demodulation symbol error rate is
computed from the expression (Pd) = 1 - P. Comparisons between our theoretical re-
sults and COMLNK simulation results are shown in Figures 4-8 and 4-9 for 8-ary FSK

with AfT= 1 and AfT= 3, respectively, and in Figures 4-10 and 4-11 for 16-ary FSK
with Af T = 1 and Af T = 3, respectively. In these figures, the channel symbol error

rate is plotted against the channel symbol energy-to-noise spectral density ratio,
Ecs/No, for several values of the ratio of channel decorrelation time to the channel bit
period, T0 /Tcb. Note that the symbol error rate limit for small values of Ec /No is
(M - 1)/M rather than 1, which is the bit error rate limit.

The agreement between the theoretical upper bounds and COMLNK results is
generally very good. For large values of to/Tcb, the COMLNK results are consistently
below the theoretical results, and the discrepancy increases as tO/ T.b increases. We
believe that this is a result of our analytical assumption that the signal contributions to
the tone filter outputs are uncorrelated. (Of course the noise contributions are always
uncorrelated for orthogonal tone spacing, but noise has no discernible effect at large
signal-to-noise ratios.) We show in Appendix F that the signal contributions to the in-
correct filter outputs are correlated, with the correlation coefficient approaching unity

for to/Tcb > ½2log2 M or so. The correlation between the filter outputs reduces the er-
ror probability. This correlation is inherent in the COMLNK filters, but is neglected in
the analysis3 .

3 Further evidence that COMLNK results are correct comes from comparison of measured values of the
average output power from all tone filters with the theoretical expected values given in Appendix F. The
neglect of the filter output correlation has no effect on these theoretical values, and the COMLNK
measurements exhibit excellent agreement.
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Figure 4-11. 16-ary FSK channel symbol error rate for three times the minimum
tone spacing in fast Rayleigh fading.
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Thus our theoretical results for M > 2, calculated assuming uncorrelated filter
outputs, provide an upper limit to the demodulation error rate. The difference between
the theoretical results and the true error rate increases as to /Tcb increases because the
correlation between the filters also increases. Eventually, as ro/Tcb gets large enough,
the signal energy out of filters becomes so small that the correlation is no longer im-
portant, and our theoretical results approach the usual slow fading limit for the error
rate. For values of ro/TIb less than 21lo, 2 M, the correlation coefficient rapidly ap-
proaches zero, our assumption of uncorrelated outputs is correct, and close agreement
is seen between COMLNK results and our theoretical results.

In the discussion above, we point out that the ratio between the demodulated
symbol error rate and the channel bit error rate is not the same in fast fading as it is in
AWGN because adjacent filter errors are more likely in fast fading. We can predict
this ratio in the limits of slow and fast fading, but we do not have a formula for the ra-
tio in the transition regime. We can, however, compute this ratio from COMLNK
simulation results, and the ratio is plotted in Figure 4-12 versus smbol error rate for
the 16-ary case. The 12 curves plotted in the figure are from 12 different simulation
cases (t/lTcb = 1, 3 10, and 30, and AfT = 1, 2 and 3). The 9 points along any one
curve are for 9 values of Ecb/No (5 dB to 45 dB in 5 dB steps). Note that for some of
the curves, there are several simulation points at the minimum value of the ratio.

0.55 " 16-aryFSK Receiver
DFT Demodulation

.. o Flat Rayleigh Fading
X . + , t4 Doppler Spectrum

0.50 T, = 314
.: . .m ..A f T, = 512

:':+"--'? - A f To = 1512

: .:: A dfT,=15/2

x :" ,; A,+' A Af•r=3/2

A 4 Afr= 1/2
0.45

+ :~ --- A f 0, = 1

* -'-*AfT9/34

+d AT = 1512
X , o= 4512

0.40

10-4 10" 10.2 10-, 100

Symbol Error Rate

Figure 4-12. COMLNK results for the ratio of the channel bit error rate to the de-
modulated symbol error rate for 16-ary FSK.
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We predicted for this case that the ratio would vary between a maximum of
½ M/(M - 1) = 0.53 (the value for AWGN, slow fading or when the demodulation error
rate is large) and a minimum of 13 or 0.43 (the value when only adjacent filters cause
demodulation errors). The COMLNK results fall generally within this predicted range.
In principle, one could calculate the ratio of the two error rates for the general case by
computing the probability of each incorrect filter being chosen for each of the M cor-
rect tone positions. For our validation purposes, however, the close comparison of
COMLNK with the theoretical upper bound on the channel symbol error rate and the
excellent agreement for the average power are sufficient to validate the M-ary FSK
demodulation performance.

The results for 8- and 16-ary FSK are summarized in Figures 4-13 and 4-14, re-
spectively, where the required value of ECb/No to achieve a 10 percent channel bit er-
ror rate is plotted versus normalized decorrelation time, To / Tb. The COMLNK re-
sults, generated using NT-point DFTs, agree quite well with the theoretical predictions,
which are described in Appendix F. These results show the significant performance
gain in fast fading achieved by increasing the spacing of FSK tones.

The discrepancy between the required value of ECb/No in fast fading computed
with COMLNK and the theoretical curves is due to the two effects discussed above.
The theoretical curve is for the AWGN value of the ratio of the channel bit error rate
to the demodulated symbol error rate, and the theory neglects the correlation in the
outputs of the tone filters. Thus for most cases the COMLNK results indicate a slightly
smaller value for the fast fading limit of to / Tb (i.e., the point where the required
ECb/No goes to infinity). In the slow fading limit (T0 / TCb _> 10), the required values
of ECb /No from the COMLNK results are slightly above the theoretical curves as they
should be. In this limit where the error rate ratio is given by the AWGN formula and
the correlation between incorrect tone filters is negligible, the theoretical curves give
the ideal receiver performance. The COMLNK results are for an actual receiver im-
plementation with finite resolution and dynamic range in the signal plus noise voltage
samples, and a small implementation loss is indicated in the simulation results.
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4.3 FREQUENCY SELECTIVE FADING CHANNELS.

Frequency selectivity adds three significant complications to the analysis of ideal
demodulation error rates. First is the effect of the delay lock loop (DLL) which ideally
tracks with a non-zero offset in such environments. The second complication is that
demodulation error rates are quite sensitive to the coarseness of the sampling of the
channel impulse response function (CIRF). Ultimately both of these effects were in-
cluded in the theory because without them there was poor agreement between
COMLNK and theoretical results.

The third complication is that the analytic expressions for the demodulation er-
ror rates in frequency selective fading channels are very complicated in part due to
double integrals over the time and time-of-arrival properties of the channel. Without
the use of the program Mathematica® [Wolfram, 1996] to perform the necessary inte-
gration, the theoretical frequency selective fading results in this report would not be
possible, simply because of the large number of terms. COMLNK, of course, takes all
of this in stride.

To the authors' knowledge the analytic demodulation error rates presented in
this section that include the effects of delay tracking and CIRF sampling have not been
published previously. Before these results were developed, the sensitivity of FSK de-
modulation error rates in particular to delay error and sampling was not well under-
stood, and perhaps never would have been understood to the degree now possible sim-
ply by studying simulation results alone.

As in the previous subsection, we will first discuss DPSK performance with in-
tersymbol interference and then discuss BFSK demodulation performance. This latter
case is sufficiently complex that we have not attempted to derive analytic results for M-
ary FSK performance in frequency selective fading channels, although this requires a
straightforward extension of the BFSK formalism. We believe that the BFSK case is
sufficient for COMLNK validation in frequency selective channels.

4.3.1 DPSK Performance.

Frequency selective fading does not directly impact DPSK demodulation if there
is an underlying direct sequence spread spectrum code. For such a waveform, fre-

quency selectivity only causes a loss in signal energy out of the code correlator to first
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order, but the output signal is essentially flat fading4 . The magnitude of the code cor-
relation loss is given in Section 3, and the fast, flat fading performance of DPSK is
given in Section 4.2. Thus we consider only the case of DPSK demodulation without an

underlying PN code in this subsection.

In Appendix C we show that the ideal delay offset for DPSK demodulation with-
out a PN code is a small fraction of a channel bit period. Therefore we ignore delay
tracking in developing the ideal DPSK demodulation error rate. Thus when we com-
pare our analytic results to those of COMLNK, we run the simulation with the DLL
turned off and the delay offset fixed at zero.

With the assumptions of zero delay offset, no PN code, and a continuous channel
impulse response function, the DPSK demodulation error rate is

G2 G2
(P= 4 4

2 2 ~R 4 aiR

(DPSK, Continuous Frequency Selective Fading)

where

S+ 1 l2 =R R, +y-]

23=R3-R4 e-%X+ I y2= 2 R1 +R2 -R 1
1 -e- 4 1 - e-9 RX

and X• = 2ntfoT. The R integrals are
I 1-;

R1 -f dýTG(Tn) f d~p(r)(1- - •

0 0

o 0

4 Stated another way, frequency selective effects on the PN code correlator occur with much larger values
of fo because of the much wider signal bandwidth in a PN system. Once the signal is despread, the
value of fo then is much larger than the data bandwidth. If the value of fo were reduced sufficiently to
cause frequency selective effects on data demodulation, then the PN code correlator would fail com-
pletely.
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R3 : JdTG(Tý) fd•{p[T(1 +)]+p[T(1- ý)]}(1-- •)
0 0

o4 •d•TG(T•)[Jd p(T•)+± Jd~p(T•) + Jd~p(Th)(1-•

+ I d•TG(T•)r d p(T•)+(1-•) Jd~p(T•)+J'd~p(T•) (1-•)]
1/2

where G(.) is the power impulse response function, and p(.) is the temporal autocorre-
lation function of the channel impulse response function. Closed form expressions for
these integrals for f--4 and f- 6 Doppler frequency spectra are given in Appendix C.

As we have discussed before, the CIRF is necessarily sampled in both link simu-
lations such as COMLNK and in hardware channel simulators such as the DSWA Nu-
clear Effects Link Simulator. To simplify the equations in this case, we consider only
the case of slow, sampled frequency selective fading. For such fading the DPSK de-
modulation error rate is given by the expression

(T2 G
P) 2  4ý4, _(R 1  2 ) 2  41a, (RI _ R2

(DPSK, Slow Sampled Frequency Selective Fading)

where the sigma terms are

a~ Ro+Ri-+e)Ri -(R, +e-')R 2

22 =(1 + R1 )R0 -(1 + 2R1 )R, + R,(I + eX)R 2 +± '

3*2 = (3+R, +e-)R,+ (2 + R,+ R2

(24 = (1+ R1)Ro - (3 + 2R1)R± +(2R+ R, + Rjek)R2 +Y

For a sampled CIRF the R integrals are

R,(1 - e--X

2l-e
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e-X/IND _ e-ý[[ND - (ND -1)e- ]

eX/IND (i+ eX/ND) C- [~N' +(I+ 2 ND - 2N 2 )e -/ ND + (ND -1)2 e 2X/N]

ND -(NDI( - e-)

The integer ND is the number of delay samples per channel symbol, and N, is the
number of channel bits in the total CIRF delay spread (N, = NM / ND rounded up to the
nearest integer).

These analytic results are compared with COMLNK simulation results in
Figure 4-15 for several values of the normalized frequency selective bandwidth, foTcb.

The COMLNK simulations were run with To / Tcb = 300 to assure slow fading and with
two delay samples per channel bit period. The agreement between ideal DPSK de-
modulation error rate curves for a sampled CIRF (ND = 2) and simulation results is
excellent. The reader should note, however, that we first computed the ideal DPSK
demodulation error rates for the continuous CIRF case and these theoretical results did
not agree at all well with the simulation results. It was this discrepancy that prompted
us to consider the effects of channel delay sampling on demodulation error rates.

There is a significant difference between ideal DPSK demodulation error rates
with a coarsely sampled CIRF and that for the continuous case. This difference is il-
lustrated in Figure 4-16 where we show the value of the channel bit energy-to-noise
spectral density ratio required to achieve a ten-percent demodulation error rate versus
foTcb, for continuous and sampled CIRFs. Again there is excellent agreement between
the COMLNK results and the ideal sampled CIRF curve5 .

5 The COMLNK results in this figure plotted with solid circles only go down to foT7 b = 0.5 because they
were generated before we calculated the DPSK error rate with a sampled CIRF. The minimum fre-
quency selective bandwidth for the set of COMLNK runs from which these results were generated was
then determined by the continuous CIRF curve where finite values of Ecb /NO are only possible for
fo Tb > 0.5. The COMLNK results plotted with open circles were generated after the ideal curve for the
sampled CIRF case was derived. This is an example of the manner in which detailed analyses and high-
fidelity simulations complement each other.
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Figure 4-15. DPSK channel bit error rates in slow, frequency selective fading.
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These results show that an ideal DPSK link can operate in frequency selective
fading channels with foTh >! -L- Sampling the CIRF with two samples per channel bit
gives the appearance that a DPSK link can operate in frequency selective fading chan-
nels with values of fo7~b about 1.5 times smaller than the lower limit with a continuous
CIRF. Thus both COMLNK simulation results and hardware test results using a fre-
quency selective channel simulator may be somewhat optimistic relative to the per-
formance of a DPSK link in a continuous frequency selective fading channel.

The cure for the difference between demodulation results with continuous and
sampled CIRFs is to increase the number of delay samples per channel bit period. The
price to be paid for this is increased execution time, primarily in the convolution of the
channel with the transmitted modulation.

Rather than indiscriminately increasing the value of ND in an attempt to achieve
COMLNK results (or hardware test results) closer to those for a continuous CIRF, we
recommend that users just be aware of the effect of channel delay sampling. Only when
considering DPSK link performance near the threshold indicated by the results in
Figure 4-16 and only when a factor of 1.5 or so in the minimum value of fo7~b makes
some difference in conclusions inferred from simulation or test results, should one in-
crease the value of ND.

4.3.2 BFSK Performance with Hopping.

There are two fundamental characteristics of frequency selective fading that
complicate the problem of analytically computing the FSK demodulation error rate. As
pointed out in Section 2 of this report, the two-frequency mutual coherence function
varies inversely with frequency difference. As a consequence, the correlation between
the signal components at the output of the tone filters is not small as is the case for fast
fading, and one is left with the problem of dealing with M mutually correlated random
variables to compute the error rate. A further complication is that the two-frequency
mutual coherence function is complex, so the cross correlation of the tone filter outputs
is also complex. This effectively doubles the analytic calculations necessary to compute
the correlation coefficients. Thus analytic results are practical only in the case of BFSK
modulation. As we will show, the BFSK case is sufficiently tedious mathematically that
there is little reason to attempt to develop analytic results for higher-order FSK sig-
naling, although such results could, in principle, be obtained. Furthermore, the BFSK
case is sufficient to achieve our goal of COMLNK validation. Note that none of these
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analytical difficulties affects COMLNK, which can readily simulate M-ary FSK under
fast, frequency selective fading channel conditions.

The block diagram in Figure 3-2 of Section 3 is for FSK with frequency hop-
ping, although hopping can easily be disabled. Frequency hopping provides two key
advantages to an FSK communications link. The primary advantage is protection from
jamming, whether hostile or inadvertent. A side benefit, if the hopping rate equals or
exceeds the modulation symbol rate, is to provide protection from intersymbol inter-
ference in frequency selective fading channels. In this section we only consider the case
where the hopping rate is equal to the symbol rate. If the hopping rate is faster than the
symbol rate, then signal energy from multiple hops per symbol must be non-coherently
combined, which adds considerable complexity to the analysis (although readily treated
by COMLNK). If the hopping rate is slower than the symbol rate, then signal energy
from previous symbols within a hop can interfere with the on-time symbol. This ap-
proaches the case without hopping considered in the next subsection.

Even ignoring delay tracking, the BFSK demodulation error rate for general
time and frequency selective fading is extraordinarily tedious to calculate analyticall y6 .

Thus we have chosen to develop analytic demodulation error rate expressions with
non-zero delay tracking error only for slow, frequency selective fading and to develop
such -expressions with zero delay tracking error for fast, frequency selective fading.
Results for these two cases are outlined below. The mathematical details are in Appen-
dix G.

The BFSK channel bit error rate is computed analytically from the mean energy
at the outputs of the two filters and the voltage cross correlation coefficient. For
BFSK, the transmitted frequency is ±Af/2 (relative to the carrier frequency), and
without loss of generality we assume that the +Af /2 tone is transmitted. The normal-
ized signal contribution E, (E, = 1 in the limit of flat fading) to the mean output en-
ergy of the correct filter corresponding to the transmitted tone is, for a slow fading
continuous channel impulse response function,

6 It is important to distinguish between analysis and simulation when discussing complexity. Analytic
results can be obtained only under rather limited conditions due to extraordinary mathematical complex-
ity that must be faced each time that a calculation is performed. For a first-principles simulation such as
COMLNK, complexity was faced once in structuring and coding the program. Thereafter, simulations
of a wide range of systems and channels are readily performed.
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00

E+ = JTG(T7)A 2 [ý-_D]dý (Slow Fading, Continuous CIRF)
0

where 'D = CD/T is the normalized delay offset, T is the modulation symbol period
(which is also the channel bit period for BFSK), A() is the triangle function, and G(.)
is the power impulse response function (Eqn. 2.8). When the CIRF is sampled, the de-
lay integral reduces to a sum over the delay bins, and the slow fading signal energy at
the output of the correct tone filter is

N•-I

E+= I PiA 2[i/ND-rD] (Slow Fading, Sampled CIRF)
i=O

where P, is the mean power in the ith delay bin (Eqn. 2.14), ND is the number of de-

lay samples per symbol (ND = T/At where At is the delay bin size), and N, is the
number of delay samples (Eqn. 2.13). Similarly, the slow fading normalized mean sig-
nal energy at the output of the other tone filter (corresponding to a -Af/2 tone) for
the continuous CIRF case is

4 00

E _=- JoTG(Tt)sin2 [1COM('D_ )]d4 I 'D•1
M 0

(Slow Fading, Continuous CIRF)

where 0o M = 27t Af T and Af T is the normalized tone spacing (a positive integer). Note
that E_ = 0 in the limit of flat fading. For a sampled CIRF this equation becomes

4 N.•-I 1

E- 4 isin2 [{c0M(tD-i/ND)] i/ND--D<I
~M i=0

(Slow Fading, Sampled CIRF)

The cross correlation of the voltage out of the two filters is complex because the two-
frequency mutual coherence function for trans-ionospheric channels is complex. We
show in Appendix F that the noise out of the two filters is uncorrelated for orthogonal
signaling and we make the reasonable assumption that the noise is uncorrelated with the
fading, so only the signal contributes to the cross correlation. For slow fading, the
complex cross correlation coefficient is

C - lTG(Tn)A[ - "tD]sin[½OM om - D ]ed
O)M 

0

(Slow Fading, Continuous CIRF)
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C=2(--1)"fT+I N,-I jfTiN+DC ) Pi A[i/ND -- tD]sin[½0IM i/ND - D]e-f

COM i=O

(Slow Fading, Sampled CIRF)

For the exponential form of the power impulse response function used in this report,
the integrals for the continuous CIRF case can be obtained in closed form (see Appen-
dix G for these results). For the sampled CIRF case, the above expressions are evalu-
ated numerically using the expression in Section 2 for Pi.

The BFSK channel bit error rate in slow, frequency selective Rayleigh fading is

2P) 1-(E,+ +E_+2/,y)' -4(C' + C2)"

(BFSK, Slow Frequency Selective Fading)

where y = ECb / No is the channel bit energy-to-noise spectral density ratio in the ab-
sence of fading, and CR and C, are the real and imaginary parts of the cross correla-
tion coefficient, respectively.

The expressions for the BFSK demodulation error rate in time and frequency
selective fading are sufficiently complex that we have not included delay-tracking ef-
fects in this calculation. Without loss of generality, we again assume that the +Af/2
tone is transmitted. The normalized signal energy at the output of the filter corre-
sponding to the transmitted tone in time and frequency selective fading is

E÷ = 2f dýTG(T7) f dt p(Tn)(1 - -) , (Fast Fading, Continuous CIRF)
0 0

where p(.) is the temporal autocorrelation function of the fading. The signal energy at
the output of the other tone filter reduces to the deceptively simple form

E_ = 2f d TG(Tn) f d p(Th)cos(°M( )(1- -( )

0 0
(Fast Fading, Continuous CIRF)

The deception is that closed form expressions for E_ for a continuous CIRF channel
with an f- 6 Doppler frequency spectrum involves a very large number of terms. After
considerable manipulation, the real (CR) and imaginary (CI) parts of the cross corre-
lation coefficient of the two tone filters reduce to
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_ -()AfT 
I

CR _= -J JTG(Tý) RcR(ý)dý
0 (Fast Fading, Continuous CIRF)

C, =)fT JTG(Tý) Rci (Q)dt
O)M 0

where the time integrals are

RCR() = [I + cos(co M)]Rs(ý) + sin(co M)[Rp (Q)+ RC

Rc,(•) = [I - cos (oMý)] [RP (ý) + Rc (ý)] + sin (oCM ) Rs()

and the integrals Rs(•), Rc(ý), and Rp(ý) are defined as
1 -4

0

Rs(= Jp(Tn)sin (oMý)dý Rc(ý)= Jp(Tn)cos(coMý)dý
0 0

At this point we have a formal solution to the problem of the BFSK demodula-
tion error rate in fast, frequency selective fading. To obtain an analytic answer, how-
ever, one must simply perform the indicated integrals. Therein lies the problem. For
the f- 6 form for the temporal autocorrelation function and the simple exponential
form for the power impulse response function, the analytic expression for E_ has more
than 80 terms unless care is taken to collect together similar factors. The expressions
for CR and C, are even more unwieldy. The analytic results are given in Appendix G
for interested readers.

To compute the BFSK error rate for a sampled CIRF we make the assumption
that the channel is sampled with sufficient temporal resolution. In COMLNK the chan-
nel is sampled with nominally 40 samples per decorrelation time, which has been
shown to accurately reproduce the temporal statistics of the fading [Dana, 1988; Dana,
1993]7. When properly sampled in time, the ý integrals in the expressions above are
insensitive to the time sample size, so the difference in these integrals for continuous or
sampled CIRFs is the delay variable that is either continuous or discrete.

7 The number of samples per decorrelation time is an input to COMLNK via the channel data menu. The
default value is 40 samples per To.
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The extension to the sampled CIRF case simply involves replacing the delay inte-
grals with sums over the delay samples. Thus the signal contributions to the tone filter
output signal energy are

ND-1 1-i/NDE,+=2r2 IPi f p(Tn)(1 - i/ND - )dA
i=0 0N- 0-N (Fast Fading, Sampled CIRF)

2ND-] 1-i/ND

E =22r2 >•Pi fp(Tc)cos(wMý)(I-i/ ND - )dý
i=0 0

where r is the mean signal amplitude, and ND = T/ Ac is the number of delay samples
per symbol. Similarly, the real and imaginary parts of the cross correlation coefficient
are

R 2 (_1 )M ND-1=R - I Pi IcR (i/ ND)
C2tM j=0 (Fast Fading, Sampled CIRF)

.,)M ND-IC, =r2 (-11) 1 NzPi--1C,( D

21tM j=0

These expressions are evaluated numerically using the analytic expressions for the time
integrals derived in Appendix G. Once values for E+, E_, CR, and C1 are calculated,
the expression in Equation (4.5) is used to evaluate the demodulation error rate.

The first set of COMLNK results we generated for comparison with these theo-
retical results is plotted in Figure 4-17. The ideal BFSK results in the figure are for a
sampled CIRF with two delay samples per symbol (the same as COMLNK) and with
the indicated ideal delay offset, 'tD / Tb. Because we knew from our theoretical calcu-
lations that the ideal delay offset is not zero in frequency selective fading, we generated
these simulation results with an active delay-lock loop. Indeed the average COMLNK
DLL tracking errors for these cases are very close to the ideal delay offsets given in
the figure.

The agreement between the COMLNK results and the ideal curves is poor at
large values of Ecb / No but good at small values. The reason for this discrepancy is the
active DLL. In Appendix G we show that the irreducible BFSK error rate is very sen-
sitive to delay offset, and an active DLL with a time-varying delay estimate effectively
averages the error rate over a distribution of delay offsets, thereby washing out the de-
pendence of the irreducible error rate on delay offset.
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Thus the COMLNK results in Figure 4-17 are monotonically decreasing as
foTcb increases whereas the "ideal" results are not monotonic at large signal-to-noise
ratios. This is an example of a situation where "ideal" theoretical results will likely
never be seen in a real receiver, making these analytic results somewhat of academic
interest beyond their utility for simulation validation.

The non-monotonic behavior of the irreducible BFSK error rate with foT1 b and
ideal delay offset is only seen in the sampled CIRF results given in Appendix G. This
behavior results because maximizing the signal energy at the output of the correct tone
filter, which is what a DLL is attempting to do, does not necessarily minimize either
the signal energy out of the other tone filter or the cross correlation coefficient in fre-
quency selective fading. Thus the ideal delay offset does not necessarily minimize the
demodulation error rate.

The problem of comparing COMLNK results with an active DLL to ideal BFSK
error rates with a constant delay offset is easily fixed by setting the COMLNK delay
offset to a constant value and turning the DLL off. This is accomplished via input, and
the results are plotted in Figure 4-18 for several values of foTb.

However, there is yet another problem in comparing ideal and simulation error
rate results. The simulation channel model for frequency selective fading and hopped
FSK modulation currently limits the decorrelation time to not exceed a value of three
times the hop period, so that quasi-independent channel samples will be obtained at dif-
ferent hop frequencies. The channel model reverts to the input value of '7o, if it is
larger, when the channel is flat fading or when it is selective over the modulation
bandwidth. Our theoretical results are either for a slow fading channel with non-zero
delay offset, or for a fast fading channel with zero delay offset.

Thus two types of "ideal BFSK" results are plotted in the figure. For foTb < 0.3
and for fo Tb = 3 slow fading ideal results with the indicated delay offsets are plotted.
For foTcb = 1 the fast fading ideal BFSK result with ½D / Tcb = 0 is plotted. Note that
the ideal delay offset for this case is -TD / Tcb = 0.011, which is essentially equal to 0.
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When the delay offset in COMLNK is fixed at the ideal value for the sampled
CIRF, the agreement between the simulation and ideal results is remarkable. The
simulation results for f0 Tcb = 0.03 and 0.1 (plotted with open circles to distinguish
them from other cases) cross over at large signal-to-noise ratios as do the ideal curves.
In addition, the simulation results for foTcb = 1 agree very well with the ideal fast fad-
ing curve, and the simulation results for foTcb = 0.03 and 3 agree very well with the
ideal slow fading curves for these cases. Evidently, for a tone spacing of 3, the effect
of fast fading on the demodulation error rate diminishes as f0 is reduced.

We believe that the small differences between simulation and ideal results for
fo Tb = 0.1 and 0.3 at large values of Ecb/ No are primarily due to the effects of fast
fading that are not in the ideal curves with trD / TCb > 0. To verify this conclusion we
reran the COMLNK cases with the delay error fixed at zero. These results are plotted
in Figure 4-19 and are compared with the ideal fast fading curves. Here the agreement
between COMLNK results and the ideal curves is excellent.

For ECb / No <_ 20 dB or so, the frequency selective error rate curves in either
Figure 4-18 or Figure 4-19 are essentially versions of the flat fading curve shifted to
the right by a loss in signal energy at the output of the correct tone filter. Thus for er-
ror rates above 0.01 or so, one can estimate the frequency selective BFSK demodula-
tion error rate by applying a matched filter loss to the flat fading error rate curve.

4.3.3 BFSK Performance without Hopping.

The frequency selective fading performance of a BFSK demodulator without
frequency hopping differs considerably from the case with frequency hopping. Without
hopping, energy from previous symbols is not attenuated by the front-end downcon-
verter and bandpass filters of the receiver because all symbols have the same carrier
frequency. Thus there is intersymbol interference (ISI) as energy from previous sym-
bols interferes with the demodulation of the on-time symbol.

A functional block diagram of a non-coherent binary frequency-shift keying
(BFSK) receiver is shown in Figure 3-2. The block diagram in this figure is for BFSK
with frequency hopping, but the hop synthesizer is disabled here.
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In Appendix H, we assume that the AGC and AFC tracking loops are operating
perfectly and investigate the ideal delay offset in frequency selective fading. Our re-
sults show that this ideal offset is a small fraction of a modulation period. Thus we ig-
nore delay tracking in developing expressions for the BFSK demodulation error rate.
To simplify the equations somewhat, we also assume slow fading. The resulting BFSK
demodulation error rate is sufficient for COMLNK validation, which of course can
treat much more complex cases.

Again we assume, without loss of generality, that the +Af/2 tone was transmit-
ted during the on-time tone period. The normalized signal contribution to the output
energy of the correct tone filter is then given by the following expression derived in
Appendix H:

E+ = Ro - R1 + 2 R2 + Rs,1 + 2 Rs, 2 - Rs,3 + 2 SO (Ro - R1 + R2 + Rs,1 + Rs,2 - 2Rs,3)

where

-S
1-e-

The I integrals in the expression for E+ and three other integrals that occur in
the expressions for the mean signal energy out of the other tone filter and the cross
correlation coefficient are

Ro = TG(TL)d = l-e
0
1 1_- (Xv + 1)e-x

R, = fTG(Tý)ýdý
0

1 2--(X 2 + 2X + 2)e-X
R2 =f TG(Tn) 2d= 2

0

(_l),f T I (j)f T (Il-eel
RS,1 - f TG(Tn)sin(oM?)d• (_l ) 2lCOM 0 +M

4 1 2 2(1 -e-")
Rs, 2 = 2 1 TG(T) sin 2 [Mý]M]dý (=)2

97



(1)AfT1 - 2?, +(1 r)e-}
RS,3 -f TG(Tý)ýsin(cMo)d- =

(_,)If T 12RS,4 - ()�Af TG(Tý)(1-2)sin 2 [aM ]dý
RA OM 0

(-1)AfT wM [k(V + co' )(I + e-')- 2(3V2 +o02)(1 -e-')]

22•(2• +co) 2

0

2XcoM[XQ~22+ )(1+X?~3 M c~)ie)Rs,5 f TG(T) (1- )Csin(o M)dý
0

Rc f T G(r•) ý(l -C) cos (00 MC) d
0

(X-m4(I + e-;) - 2V (V2 -_3o)(Il-e-;')

where closed form expressions for the integrals are obtained using the exponential
power impulse response function [Eqn. 2.8]. The latter three integrals are used in sub-
sequent expressions. When the CIRF is sampled, the delay integrals in these expressions
are replaced by delay sums, and the R integrals are all of the form

N0 -1
Rx = I PiIx( i / ND)

i=0

where Ix ( = i / ND) is the function in the continuous CIRF integrals that multiplies the
normalized power impulse response function, TG(TA) evaluated as the discrete nor-
malized delay samples i / ND.

The normalized mean signal energy at the output of the other tone filter is

E R 2 +R R +ISo(RR R, + R2 + Rs, + Rs - 2 R s,3 )2 2 3 R+ +21 s2 2 R3 3
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and, after considerable algebra, the real and imaginary parts of cross correlation of the
two tone filters reduce to

CR-,( + So)[R, - Rs', - Rs,2 + 2Rs,31

CI =( i- So)[2Rs4 - Rs,5

The BFSK demodulation error rate without hopping in slow, frequency selective
Rayleigh fading is again given by the expression in Equation (4.5).

The final comparison of COMLNK results with ideal demodulation error rate
curves is shown in Figure 4-20 for BFSK without hopping in slow, frequency selective
fading channels. All results in this figure are for the delay offset equal to zero. Without
hopping, frequency selective fading produces ISI, and the irreducible demodulation er-
ror rate approaches 50 percent for small values of foTCb.

Excellent agreement is seen between the simulation results and the ideal error
rate curves, validating the frequency selective channel model and BFSK demodulation
algorithms within COMLNK.

4.4 SUMMARY.

. The process of comparing COMLNK results with ideal demodulation error rate
curves has both validated the simulation and produced a number of new insights into
the effects of fading on digital communications. In this process, we have generated new
analytic results for demodulation error rates in fast and/or frequency selective fading.

The new insights on the performance of digital communications links in fading
channels include the following:

"• There can be a significant difference between the ideal delay offsets and de-
modulation error rates in sampled and continuous frequency selective fading;

" The channel delay sampling in the current version of COMLNK may be too
coarse for some applications involving small frequency selective bandwidths
combined with large signal-to-noise ratios;

"* The current DSWA specification for the total signal power in the delay grid
should be increased from 97.5 percent to 99.9 percent.

99



1010

.. ........... ; ......... . ............. .............. . . . . . ... • ............. ; ........... ............. .. ; ............. ;...... :' . . .S. ... .• . .. . . .. . . .. . .. .i.. . .. . .. .... ........ ... .. .... . .. . . ........ ... ... i ............. ... fo T c = 0 .0 3 . . .
....I :. : ... . :: : .. ........ • .: :.. • : . -...... 0 ,b..- ....

........... ........... ...... ..... ..., .. . .... .... .... .... .. ..... ...... .....
S........... ............... ......... . "•"" ° i.... ............. ............. ............. ............. ............. ....... foT b = O . 1 .......

1 0 " ............ ............. ............. !............. .',...........! ............. !............ . . . .. . .. . .. . .. . . . .

S. .... ... .... . .. .. ... .. .... . .... .. . .. ..... ... , ,:.. ...... ............. ... ......... :.. .................................... . . . .. .. .

• : l o 2 • !!!!!!!i!!!!?!!............. ........... .............!i!!!• :::; :`: ........... ............. .............. .......0 ........... .
....................... ........... .............. :.... ......... ............. ............. . ..... ..... .. ......:: : :: i ! !! ! ! !! i ! !! ! ! !! i ! !! ! ! !,--. ......... ............. ............. ............. ............ ............. ............. ... .. .. .. .... ... ................ ............ ...................................... ......... .................... I:: : : : : :: : : : : : : ...... i ............ .... ....-:

. ............... . . . . . . . . . . . ........ . . .......... . . . i. . . . .............. . .. . . .. . .. . . .. . .. . . . . . .. . . . . .. .

,:: 1 -0 .3 . ........ ............. ............. ............. ............. .......... ......... ............. ............. =.=.....= ........=== == == == = == == == =!!-!

............ Biayi...........FS ............. Mouaini............. :•........... ...... ou...... ..in..:.. .................... i'..*:...cc................ ...... .......
DFT DemdulaTi1

No Delay Tracking (ZD 0 )
10. .........Slow. Freq .Select. Rayleigh Fading: . :.........!.......

... .. .. .. .. .... ..... .. .. ..... ............. ..i \
.... .. .... ...... .. .. ... ... .................. :: ::: : : .. .. .................. ....... .............---

_:: Sampled CIRE (ND = 2) ::::::::::::::::::::
Ideal BFSK (Flat Fading) ..........

S.......Ideal BFSK (Frequency Selective Fading) . .. .
.. . . CO M LN K ..................

1 0 . I , I i

-10 0 10 20 30 40 50

Channel Bit Energy-to-Noise Density Ratio, Eab N0 (dB)
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Now that the demodulation performance of COMLNK has been validated against

analytic models and a limited set of test data for phase-shift keying and frequency-shift

keying modulation in fast, frequency selective fading channels, the next obvious com-
parison is that of the output of an error correction decoder with analytic results. Unfor-

tunately, analytic results for Viterbi decoders have been limited to performance bounds,

not actual decoded bit error rates. Furthermore, the only simulation in COMLNK occurs

in constructing the digital samples at the output of the analog-to-digital (A/D) converter,
and this part of COMLNK has been verified. After the A/D converter, COMLNK is an

emulation of a digital communications receiver and is validated by direct comparisons
with hardware.

There is a reasonable amount of test data available to compare with COMLNK
simulation results for processes that occur after the demodulator. An example is the L3P
receiver scintillation test program conducted with the NELS channel simulator circa

1982 [Bogusch and Guigliano, 1982; Dana, 1995c]. In Figure 4-21 we plot the meas-

ured and simulated Viterbi decoder transfer function (i.e., the output decoded bit error

rate versus the input demodulated symbol error rate) for two fast fading channels. The

demodulated channel bit error rate for these two channels is plotted in Figure 4-21. The

solid line in the figure is just a curve fit to the COMLNK data points, generated because

it is not possible to analytically describe this transfer function. Again there is remark-

able agreement between the COMLNK simulation results and the test data.
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APPENDIX A

DEMODULATION PERFORMANCE OF COHERENT PSK (APSK)

A functional block diagram of a differentially encoded, coherently demodulated
phase-shift keying (APSK) receiver is shown in Figure A-1. The data are differentially
encoded at the transmitter so that the inherent n-phase ambiguity in suppressed-carrier,
coherent PSK demodulation can be resolved at the receiver. A Costas loop is used to
track signal phase, so ideally the entire signal is in the in-phase (I) channel. Thus only
this channel is used for data demodulation. A delay lock loop (DLL) is used to keep the
receiver timing aligned with the bit edges in the received signal. The automatic gain
control (AGC) tracking loop keeps the signal within the dynamic range of the analog-
to-digital converter and keeps the signal amplitude at the design values of the DLL and
Costas tracking loops.

The APSK demodulation metric is

r = Ik Ik_,

where Ik is the kth sample of the in-phase voltage. When the transmitted signal phase is
unchanged from the k-1 to k symbol period the sign of rh should be positive. Con-
versely, a negative value of A indicates a change in the transmitted phase.

After downconversion, the received PSK signal plus noise in a non-fading chan-
nel is given by the expression

z(t) = [rej((P+T) + n(0)]e-j• ,

where r and ip are the signal amplitude and phase due to propagation, respectively, (Po
is transmitted PSK phase (%po = 0 or 7t randomly), and (p, is the phase correction gen-
erated by the Costas tracking loop.

The complex voltage n(t) is additive white Gaussian noise (AWGN) with the
usual properties:

(n(t)) = 0

(n(t1 ) n(t 2)) = 0

(n(t)n* (t 2 ) = NO 6(tl -t 2 )
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Figure A- 1. Block diagram of a coherent PSK receiver.

where No is the one-sided noise power spectral density. The middle of these equations
results because the real and imaginary parts of n(t) are uncorrelated. The noise contri-
bution to z(t), n(t)e-i~c, has exactly the same statistical properties as does n(t).

Assuming that the Costas phase tracking loop is operating perfectly (i.e., the loop
tracks the signal phase due to propagation but not the transmitted modulation so
(pc = (p), the received signal contribution to z(t) is just ±+r,

The voltage z(t) is integrated over a sample period (equal to one-half the symbol
period T in this case) to produce the I and Q samples. The two samples per modulation

period are coherently summed to give the signal used for demodulation:

I (k+l / 2 )T+,D

Zk=- fz(t) dt
(k-1 / 2)T+tD
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where "tD is the DLL delay tracking error, and Ik and Qk are the real and imaginary
parts of Zk, respectively. For this calculation we will assume that the delay tracking
error is small compared to T and can be ignored'. The real part of Zk is then

Ik =±r+Re(Nk) , (A.1)

where

i (k+1/2)T
Nk -l n(t)e-J(c dt

T (k-1 / 2)T

is the sampled noise. The noise contribution to Ik, Re (Nk), is a zero-mean, normally
distributed random variable with variance No / (2T). An expression similar to Equa-
tion (A.1) holds for Ik-1.

Assuming that the transmitted modulation is unchanged, the channel bit (or de-
modulation) error rate is given by the probability that thz is negative. Because the noise
from one sample to the next is uncorrelated and independent, the probability density
function of r7 can be obtained from the formula for the product of two independent
random variables. Integrating the resulting expression over negative values yields the
familiar expression for the APSK channel bit error rate in AWGN:

P, = erfc[ !EcbI No ]{1-½1erfc[ jEcb /INo}

where Ecb /No is the channel bit energy-to-noise spectral density ratio (r 2 T/ NO), and
erfc (.) is the complementary error function:

2 -t
erfc (x) = 2 e 2 dt

In very slow fading, slow enough that the Costas loop maintains phase lock on
the signal, the average demodulation error rate is

'Ideally, the tracking thresholds are well below the data demodulation threshold, so tracking errors are
small whenever the demodulation error rate is less than 50 percent. However, when a modified Costas
loop is used, as in most modem receivers, then even in a well-designed receiver the tracking loop
threshold will be closely related to the demodulation threshold, as discussed by Bogusch [ 1990].
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(P > fPe(ys)5f(S)dS
0

where y is the nominal value of Ecb / No, and f(S) is the probability density function of

the fading power S (with (S) set to unity). For Rician fading, f(S) is given by Equation
(2.2b) with So set to unity. The resulting integral must be done numerically. However,
a closed form expression is available for Rayleigh fading:

1 c-2tan-(1+7 
)

(Pe)= l- 2 n ' +7 (Rayleigh Fading)

The APSK channel bit error rate for Rician fading is plotted in Figure A-2 for
several values of the scintillation index (S4 = 0, 0.25, 0.5, 0.75, and 1). These curves
show that an additional 35 dB of signal power is required to maintain a 10-5 error rate
as the channel varies from non-fading to slow Rayleigh fading.

For Rayleigh fading channels with finite decorrelation times, APSK demodula-
tion performance is limited by the ability of the Costas loop to maintain phase lock on
the signal, as shown by COMLNK results plotted in Figure A-3. Here the channel bit
period TCb is equal to the symbol period T. For finite values of to /T.b and large values
of Ecb / No, the channel bit error rate approaches an irreducible value determined by
the frequency of loss-of-lock or phase slip events.

Increasing the bandwidth BL of the Costas tracking loop, thereby making the
loop more responsive to the phase fluctuations caused by fading, can reduce the fre-
quency of phase slips. However, a loop that is too responsive will begin to track the
PSK modulation, wiping out the desired data in the process.

Because APSK demodulation performance in fast fading depends on the Costas
loop tracking performance, which is highly non-linear, we do not believe that it is pos-
sible to compute ideal fast fading performance analytically. This renders APSK modu-
lation useless for analytic validation of any simulation in fading channels. However,
differentially coherent PSK demodulation (DPSK) is much more robust in fast fading
because it does not require phase tracking, and for this demodulation technique fast
fading analytic results are available.
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APPENDIX B

DEMODULATION PERFORMANCE OF DIFFERENTIALLY COHERENT
PSK (DPSK) WITH AN UNDERLYING SPREAD SPECTRUM CODE

A functional block diagram of a differentially coherent phase-shift keying

(DPSK) receiver with an underlying direct sequence (DS) pseudo-noise (PN) code is
shown in Figure B-1. The transmitted data are differentially encoded so that differen-
tially coherent demodulation can be used. Thus the frequency but not the phase of the
received signal needs to be tracked. This eliminates the primary failure mechanism of a
coherent PSK receiver in a fading channel - loss of phase lock.

The receiver has two code correlators (labeled early/late and on-time): one for

the delay lock loop (DLL) and one for all other functions. Delay tracking is accom-
plished by measuring the code correlator output energy with the PN code either one-
half chip early or one-half chip late relative to that in the on-time code correlator. The
DLL attempts to equalize the energy of the early and late measurements.

In this appendix we show that, because of the underlying PN code, time selective
and frequency selective fading effects are decoupled in the output of the code correla-
tor, thereby reducing the demodulation problem to that of DPSK performance in fast

fading with a code correlator loss caused by frequency selective fading. The code cor-
relator loss is determined by the severity of the frequency selective fading and the
DLL tracking performance.

In COMLNK or in hardware channel simulators the channel impulse response
function (CIRF) must be sampled in time and delay. Our results show that if the sam-
pling in time is sufficient to accurately reproduce the temporal statistics of the fading,
then the time sampling is also sufficient to accurately measure DPSK demodulation
performance. We also show that the optimum delay offset in frequency selective fading
is quite sensitive to the delay sampling interval, and in this dimension the channel sam-
pling in either a simulation or a hardware channel simulator can be rather coarse.

In Section B. 1 of this appendix we derive the output of the code correlators in
terms of the channel impulse response function and the PN code autocorrelation func-
tion to show the separation of time and frequency selective fading effects. Next the de-
lay tracking offset of an idealized delay tracking loop is computed for both continuous
and sampled channel impulse response functions. The ideal delay offset of the re-
ceiver's PN code is between zero and one chip late, depending on the severity of the

B-1



mw E

U) Il oC

E E

0
a) co.E

0

0 0 C4

~c

CL

.)B-2



frequency selective fading, relative to the ideal position in a non-fading or flat fading
channel. Then the loss of signal energy at the output of the code correlator is com-
puted. DPSK demodulation performance in non-fading, slow fading, and fast fading
channels is computed in Section B.2. New results on the effect of time sampling of the
channel on DPSK demodulation performance and on signal energy at the output of the
code correlator are presented in Section B.3. We show that the demodulation perform-
ance is insensitive to the "coarseness" of the time sampling. However, the output signal
energy is sensitive to the temporal sampling interval, but only for fast fading where the
demodulation error rate is near 50 percent.

B.1 CODE CORRELATOR OUTPUT.

Under frequency selective fading conditions, the code correlator in a pseudo-
noise direct sequence spread spectrum (DS/SS) receiver loses signal energy because of
the time-of-arrival jitter or delay spread of the received signal. Signal energy that ar-
rives more than one chip late relative to the local PN code generator (or more than one
chip early if the code delay tracking loop is late by a chip or more) will not correlate
with the local PN code and will be severely attenuated.

B.1.1 Fading Signal Out of PN Code Correlator.

Consider a transmitted PN waveform:

m "mk -I T-c-k]

where Mk =_+1 pseudo-randomly is the PN chip modulation, and Tc is the chip period.
The rectangular function H(x) is defined as

i 1 fortx 1<.
0 otherwise

An ideal PN sequence has a triangular autocorrelation function:

Limit 1 'T/ 2

T -4 - T f m(t0m*(t+ t)dt =A(t/ Tc)
-T/2
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where

A){-x for xI<l

otherwise

For binary phase-shift keying modulation considered in this appendix, the in-
formation bearing transmitted signal is e190 m(t) where tpo is either 0 or ir. By writing
the transmitted signal as a product of a phasor ejTO and the PN sequence, it is assumed
that the phasor varies slowly relative to the duration of a chip, or equivalently, that the
number of chips in a channel bit modulation period is large.

The signal at the input to the PN code correlator is the convolution of the chan-
nel impulse response function and the transmitted modulation:

00

u(t) = r ejo f m(t - r)h(t,,t)dt
0

where r is the received signal amplitude. This received signal is then correlated with a
locally generated version of the transmitted PN sequence and sampled. The complex
signal at the output of the code correlator is a function of time and the delay error of
the local PN code generator relative to the received signal PN code, rD:

I t+Ts / 
2 +T,StD)=- fm* (•-'D)U()dA

S~t'ZD)Ts t-Ts/2+CD

where Ts is the code correlator sample period, and m*(t) is the locally generated PN
code. Subsequently, we will assume that the delay error is on the order of a chip pe-
riod or less and thus is a small fraction of the sample period (i.e., ITDI<<«TS). There-
fore edge effects can be ignored in the limits of integration. Upon substituting the ex-
pression for the input signal, the output signal becomes

.00 t+Ts/2
s(t,'CD)=rej% •fd'c€ I~(r- ~*•'c~(-c (B. 1)

0 TS t-Ts/2

We are implicitly assuming that the receiver is tracking the frequency of the received
signal well enough that any residual frequency error does not result in significant
phase rotation during a sample period. This also implicitly assumes a slow fading
channel.
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The channel impulse response function occurs in the second integral of this
equation. Without this term in the integrand, the second integral is just the triangle
function. For a moment consider that the channel decorrelation time "o is large com-
pared to the sample period Ts. Then h(ý,tc) is slowly varying in time over the sample
period and can be pulled out of the second integral. As long as there are a large num-
ber of chip periods within a sample period (say 100 or more), then the second integral
is essentially the triangle function, and the output signal can be written as

0o

s(t,XD) = rej% h(t,tc)A('tD - 'T)dC (,To > Ts >> D) (B.2)
0

The fading statistics of the sampled signal at the output of the code correlator
can now be determined. Under Rayleigh fading conditions, the channel impulse re-
sponse function is a complex, zero-mean, normally distributed random process. Thus
the integrand and the integral are also complex, zero-mean, normally distributed ran-
dom processes.

For convenience in further developments, the integral in Equation (B.2) is de-
fined as the combined channel and code correlator response function, hc (t,'tD):

00

hc(t,'rD)= Jh(t,tr)A(CD -t)dt (B.3)
0

Under the turbulent model, the signal at all delays varies at the same rate, so the fading
rate of the code correlator output is independent of the value of 'tD"

Before proceeding with the calculation of the code correlator output energy, we
need to consider the effects of fast fading on the output signal. When the decorrelation
time is comparable to or less than the modulation period T (also referred to in this re-
port as the channel bit period) of the transmitted DPSK signal, we can imagine super-
sampling the output of the code correlator at faster and faster rates until the sample
time is less than co, and Equation (B.3) applies. The number of super-samples per
channel bit period is just n = TITs. These n super-samples are then coherently summed
to obtain the code correlator output voltage for the kth channel bit period:

1 k+n/2-1Sk(,rD)=- J.s(lTs,'CD)
n l=k-n/2

B-5



In the limit that the number of super-samples per channel bit is large, this summation
can be replaced by an integral over the channel bit period:

Sk(.D) rJ~pk1 (k+1/2)T

Sk(D)= reJ --I hc(t,T'D)dt (B.4)
T(k-/2)T

where (Pk is the transmitted DPSK modulation during the kth channel bit period.

When the fading is slow, the decorrelation time is large compared to T. In this
case the output signal is just rejiO hc(kT,rD). However, when the fading is fast (i.e.,
when r'o < T), the combined channel and code correlator response function will vary
within the integral, and the full signal-to-noise ratio gain of the PN code is not real-
ized. The effects of fast fading on DPSK demodulation performance are computed in

Sections B.2 and B.3.

The point of this digression is that frequency selective fading effects can be
treated separately from fast fading effects as long as the number of chips per decorre-
lation time is large. This is not a very restrictive limitation because the real question in
which we are interested (Does the link operate?) is easy to answer when '¶o is compa-
rable to Tc. (It does not.) The loss in code correlator output signal energy due to fre-
quency selective fading is computed from Equation (B.3). When there are a sufficient
number of chips per sample, this loss does not depend on the integration period of the
code correlator per se, but only on the time-of-arrival jitter relative to the duration of
a chip. The number of chips per sample must be large enough that the autocorrelation
of the PN code is a essentially a triangle. After the received signal is multiplied by the
locally generated PN code to remove the spread spectrum modulation, the resultant
"de-spread" voltage is flat fading because signal energy arriving early or late by ±1/2
chip or more is severely attenuated by the correlation process. This de-spread signal,
with mean energy reduced by the code correlator loss, is then coherently integrated
over the channel bit period. The fast fading loss of the signal is computed from Equa-
tion (B.4), and depends on the decorrelation time of the de-spread signal relative to the
channel bit period.

A limitation of separately evaluating the effects of frequency and time selective
fading is that we implicitly assume the turbulent model by ignoring the effect of the
code correlator on the decorrelation time of the output. This is not a fundamental
limitation because one could determine the decorrelation time of hc(ttD) as a func-
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tion of 'ED and f0 . However, this level of detail is more appropriate for COMLNK
than it is for an analytic model.

B.1.2 Ideal Delay Offset and Code Correlator Loss.

So far, we have considered only continuous channel impulse response functions
(CIRFs). However, in COMLNK and in hardware channel simulators the CIRF is sam-
pled in time and delay. For the moment we will assume that the CIRF is sampled in
time with sufficient resolution that temporal sampling effects are negligible1 . The sam-
pling in delay, however, can be relatively coarse, and sampling effects can not be ne-
glected in comparing analytic and COMLNK results. For the DS/SS systems considered
here, the effects of sampling are seen primarily in the performance of the DLL. Both
sampled and continuous CIRFs are considered in calculating the ideal delay offset in
frequency selective fading.

In a DS/SS receiver early and late signal samples are generated by code correla-
tors' using an early and late version of the locally generated PN code. If we assume
that the receiver advances or retards its locally generated PN code to match that of the
received signal and integrates over a fixed sample period Ts, then the early, on-time,
and late signal samples out of the code correlators can be written as

t+Ts/2m( +Tc/2)u(ý)dt
SE f M*StTsl2

t+Tsl2SO =-S tM (_s/24)

TS t-Ts12

1 t+TsI2SL = f-5 .m*( (- TD - Tc / 2)u(t)dt
Ts t-Ts/2

Dana [1988, 1993] discusses the requirements on the temporal sampling necessary to achieve accurate
temporal statistics of the fading (e.g., mean duration and separation). The effects of temporal sampling
on signal power and DPSK demodulation performance are discussed in Section B.3 of this appendix.

2Usually the early and late voltages are generated by the same code correlator that is time-shared between

the two measurements.
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Note that the early sample is formed by correlating the received voltage with the local
PN code advanced in time by one-half chip period, and the late sample is formed by
correlating the received signal with the local PN code delayed by one-half chip relative
to the on-time code.

The combined response of a sampled channel and the code correlator can be
written as a discrete sum:

N,-1

hc(t,tCD) = .h(t,iAt)AtA(t`D -iAt)

i=O

where At is the delay sample size, and N, is the number of delay samples (see

Eqn. 2.13). In further developments hi(t) is used as a short hand notation for
h(t, iAt) At. The channel impulse response function is delta-correlated in delay (i.e., it
represents a wide-sense stationary process in frequency), so hi (t) has the following
properties:

(hi (t)) = 0

(hi(t)h(t)) =

where Pi is the mean power in each delay sample (see Eqn. 2.14), and 6i,k is the

Kronecker delta symbol:

1if i=k
8ik = otherwise

The second of these equations arises because the real and imaginary parts of the chan-
nel impulse response function are uncorrelated.

Assuming slow fading (i.e., to >> Ts) so the channel impulse response function
is time-invariant during the sample period, the early code correlator output sample is

N,-I1 t+Tsl2
SF= Ihi (t)-- fd~rm*(ý--`D+Ts/2)mn(--iA`C)

i=0 TS t-Ts12

Similar expressions hold for the on-time and late samples. If the number of chips per
sample period is large (Ts >> Tc), the second integral is just the autocorrelation func-
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tion of the PN code which is assumed to be a perfect triangle. Thus the early, on-time,
and late signal samples can be written as

SE = L hi A -iATci=0 I c

N1-

So = 1hh A[TD -'AT]i=O T
N,-1 F'r, - iArct.

SL = 1ih, A2  l I

i=O II

The corresponding mean energy of the early, on-time, and late samples for sampled
and continuous channel impulse response function are

(EE = NI iA2 [1 DA[ C 1j
i=O TC 2

(Eo) = Pi A2 (Sampled CIRF)i=0 Tc I
N,-1 A2Pt9- i2c 1]

i=0 TC 2

0 1 TC 2

(E0 ) = fG(,r)A2[t dt' (Continuous CIRF)

0 L TC00

(FL)= JG(tr)A2 [TD-¶+ldA

A DLL attempts to equalize the energy in the early and late measurements, so
the ideal delay offset is obtained by solving the equation (EE) = (EL) for 'tD. Plots of
the early and late energy for continuous and sampled CIRFs with four samples per chip
(ND = Tc / At = 4) are in Figure B-2. The frequency selective bandwidth for these
plots is one-tenth of the PN chip rate. The ideal delay offset is the value of rD / Tc
where the early and late curves cross. It is apparent from the figure that the ideal value
for a sampled CIRF is slightly smaller than that for a continuous CIRF.
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Figure B-2. Mean energy of early and late code correlator output for continuous
and sampled (four samples per chip) CIRF.

Ideal values of tCD are plotted in Figure B-3 for continuous and sampled CIRFs
with 2, 4, 8, and 32 delay samples per chip. The sampled CIRF curves have steps that
are most apparent for values of f0 / Rc greater than one or so. These steps result from
the change in the number of delay samples (Eqn. 2.13), as the ratio f0 / Rc varies.
These curves show that the ideal delay offset approaches one chip as the frequency se-
lective fading channel becomes more severe (smaller values of f0 / Rc), and that the
delay offset can be significantly smaller with a sampled CIRF that it is for a continuous
CIRF. This difference is probably insignificant when the offset is less than one-tenth of
a chip or so. However, when f0 / RC is small and the offset is several tenths of a chip
the difference could impact whether or not a DLL maintains lock on the signal'.

3 Reinking [1995] has shown that the bias in delay error can be partially corrected by "adjusting" the
relative power in the delay samples and the delay sample size. However, such adjustments are not al-
lowed in the official DSWA channel models. Furthermore, it is the authors' opinion that the channel
model should depend only on the modulation bandwidth of the transmitted signal, and should be inde-
pendent of the details of the receiver.
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Figure B-3. Ideal delay offset for continuous and sampled CIRFs.

It is seen that the theoretical results for a sampled CIRF approach those for a
continuous CIRF only when the number of delay samples per chip is large (greater
than 8 or so). Because of computation time or hardware complexity, it may be im-
practical to achieve the ideal performance of a continuous CIRF in a software simula-
tion or in a hardware simulator. Note that these analytic results neglect noise and are
therefore valid for large signal-to-noise ratios.

Once the ideal delay offset is known, the ideal code correlator loss is just the
value of (E0 ) relative to unity, its value for large values of fo / Rc. This loss is plotted
in Figure B-4 for both continuous and sampled CIRFs. The curves plotted with solid
and dashed lines are the losses for continuous CIRFs with and without delay offset, re-
spectively. For f0 / Rc = 10-2, optimally positioning the PN code provides about 3 dB
more signal power out of the code correlator than is obtained with no offset (CtD = 0).

The code correlator loss is relatively insensitive to the delay sampling of the
CIRF. The loss curve for eight delay samples per chip (plotted with solid circles) is es-
sentially on top of the continuous CIRF curve. However, for values of fo / Rc between
0.3 and 3, the loss curve for two delay samples per chip varies noticeably from that for
the continuous case, although the loss is rather small.
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Figure B-4. Code correlator loss in frequency selective fading channels.

B.2 DPSK DEMODULATION ERROR RATE FOR CONTINUOUS
CHANNELS.

Error rates for binary differential phase-shift keying (DPSK) demodulation are
computed in this section for non-fading additive white Gaussian noise (AWGN) chan-
nels, Rician fading channels, and slow and fast Rayleigh fading channels. The channel
impulse response function is assumed to be continuous in the time domain. The DPSK
error rates for non-fading and slow, flat, Rayleigh fading channels are neatly derived
in Schwartz, Bennett, and Stein [1966]. A slightly generalized version of their deriva-
tion is reproduced here because it is the starting point for the derivation of the DPSK
error rate in fast fading. The fast fading DPSK error rate was originally derived by
Bello and Nelin [1962b]. Their calculation is extended in Dana [1995c] to include the
Doppler frequency spectra appropriate to transionospheric scintillation.

B.2.1 Additive White Gaussian Noise Channels.

The complex base-band signal plus additive white Gaussian noise (AWGN) at the
code correlator output for the kth channel bit can be written as
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1(k+l/2)T

Zk =-Tf(k_12)TrPk hc(t)+n(t)]dt
(k-112)T

where n(t) is complex AWGN, and hc (t) is the combined channel and code correlator
response function. This equation is essentially the same as Equation (B.1) with the in-
clusion of noise. For mathematical convenience in later developments the sample pe-
riod of the code correlator is assumed to be equal to the channel bit period T. The code
correlator loss in frequency selective fading is included in the mean power of hc(t).
The notation TD for the delay of the locally generated PN sequence has been deleted be-
cause it is assumed that the receiver sets this delay at the optimum value plotted in
Figure B-3.

The phase (Pk is determined by the transmitted data stream. For binary DPSK
modulation, a change in (Pk of ±7t from one channel bit period to the next indicates a
transmitted one, whereas no change in phase indicates a transmitted zero.

Additive white Gaussian noise is assumed to have the usual properties:

(n(t))=O0

(n(tl )n(t 2 )) = 0

(n(t, )n* (t 2 )) = NO 8(t1 - t 2 )

where No is the one-sided noise spectral density. The second equation results because
the real and imaginary components of AWGN are uncorrelated.

In further developments it is convenient to define the real and imaginary parts of
the noise voltage and the combined channel and code correlator response function:

nR(t) = Re[n(t)] nl(t) = Im[n(t)]

hR(t) = Re[hc(t)] hj(t)= Im[hc(t)]

Now, to compute the DPSK demodulation error rate, consider the code correla-
tor output samples for the k = 0 and k = 1 symbol periods, Z0 and Z 1, respectively. The
complex output voltages are then given by the expressions
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IT/2
= T_ • [rcospo hR(t)- rsinpo hI(t)+nR(t)]dt

-T12

1 T/2

+j T J[rsinTp hR(t)+ rcosnPo h!(t)+n,(t)]dt
T/2

=[rcosqp0 X0 - r sin po Yo + NR,o] + J[r sin gpo X, + r cos(P Y1o + NlIo ]

3T/2
13T/2

+J T J[rsincp hR(t)+ rcosP 2 h,(t)+n,(t)]dt
T/2

=[rcosp1 Xl -rsinp 1 1Y +NRI,]+j[rsinp] Xl +rcos(p1 Y, + Nl,]

where

(k+1/2)T (k+l/2)T
Xk = - f hR (t) dt Yk f h, (t) dt' (B.5)

T (k-1/2)T T (k-l/2)T

and

I (k+1/2)t (k+l/2)T
NRnk = f nR(t)dt Nl'k f -- (t)dt

T (k-I / 2)T T (k-l12)T

The noise samples NR and N, are the integrals of zero-mean, normally distrib-
uted random variables, and thus are similarly distributed. Furthermore, because the
nR(t) and nl(t) components of the noise voltage are uncorrelated, NRk and NIk are
also uncorrelated. Using these properties, it is easy to show that

(k+1/2)T (1+1/2)T N

(NRkNR,I):=-2 fdt fdt'(nR(t)nR(t'))= N0 
8 k,1

(k-1/2)T (1-1/2)T 2T

(NINI,I) = No.5,l (B.6)

(NRANIJ) = O
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The DPSK decision metric A is [Schwartz, Bennett, and Stein, 1966]

i=Re[ZlZo]=¼ ZI+Zo2-l-Zo2

It is now easy to see that if the phase Pk does not change from symbol 0 to 1, the sig-
nal components will add coherently in the Z1 + Z0 term but will cancel in the Z1 - Z0
term. Thus rh should be positive in this case, and the probability of error is just the
probability that A is negative. Conversely, if there is a ± n phase change from channel
bit 0 to 1, then the signal components will add coherently in the Z1 - Z0 term and will
cancel in the other term. Thus A should be negative in this case, and an error occurs if
it is positive. Assuming that zeros and ones are equally likely and uniformly distributed
in the transmitted data, we only need to evaluate the error rate for one of these cases.
Without further loss of generality4, we can assume that the signal phase remains con-
stant (p- = %0 ) during these two channel bit periods. The probability of a demodula-
tion error is then equal to the probability that the DPSK decision metric indicates a
polarity change.

For convenience we define two new variables w+ and w- where
1 Z 1

W+=2(Z1 +ZO) w-=2(Zl-Zo)
2 2

In terms of these new variables, the DPSK metric is

rh=Iw+ 2 Iw_ 12 = _a2 (B.7)

where a+ and a_ are the amplitudes of w+ and w_, respectively. The w_ and w_ vari-
ables, written in terms of signal and noise components, are

4 It is shown in Appendix C that the DPSK error rate with intersymbol interference (i.e., when there is
no underlying PN code and fo is comparable to or smaller than the symbol rate) does depend on
whether or not there is a phase change in the transmitted modulation. Only in flat fading is the error rate
independent of the modulation. However, the signal at the output of a code correlator is always flat
fading, for a properly designed code, because the PN code chips on interfering symbols are uncorre-
lated with the PN code chips on the on-time symbol.
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W [rcos(po(XY +Xo)-rsinqo(Y, + Yo)+NR,I+NRO]+

J [rsinp•o(X 1 +Xo)+rcos9 0 (Y, + Yo)+NAj +N 1,]2

w_ = [rcosqpo(XI -Xo)-rsin qo (Y1 - Yo)+NR,1 -NR,O ]+
2

L [rsin po (X, -Xo)+ r cospTo (Y1 - Yo)+ N,,1- N1 o]
2

The probability of a demodulation error for the case that the signal phase is constant is

the probability that A is negative or that a- is greater than a+.

In the absence of fading, the combined channel and code correlator response
function is just a complex phasor:

hc(t)= e'

The voltages w, and w- are then given by the expressions

W+ [2r cos((p + 0)+ R + NI,O +rL 2rsin(T,+0 + N,,, N1,0]

2 [RI- R I+2 NR,O]-~ 1  p 0

Thus, for an AWGN channel, w+ and w_ are complex, uncorrelated (and independent),
normally distributed random variables with the properties:

(w+ = r e(+')

(W +W) = 0

(w+w+)=r2 + N0/2T

W-W-) =N 0/2T

Because w+ is complex Gaussian with a non-zero mean, the probability density func-
tion of the amplitude a+ is Rician, and because w- is complex Gaussian with zero
mean, the probability density function of the amplitude a is Rayleigh:
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f(a+) = 2a+ exp- a ]+r 10[ 2ra+
No / (2T) No / (2T) No / (2T)

f(a) = 2a- [ a2)]

No / (2T) exp (NM2

where 10 (.) is the modified Bessel function.

The DPSK demodulation symbol error rate is, as discussed above, the probabil-
ity that Ai is negative or that a- is larger than a+:

P, = Prob[a- > a+ = da+ fda_ f(a+,a-)
0 a+

Because w+ and w_ are uncorrelated and normally distributed, they are also independ-
ent. Thus the joint probability density function f(a+, a-) is equal to the product of the
two separate probability density functions. The DPSK channel bit (or demodulation)
error rate is then easily computed:

1 r~r]
Pe = 2 expi [_N

The quantity r 2T is equal to the channel bit energy ECb in a demodulated symbol pe-
riod. Thus the expression above reduces to the familiar DPSK form:

PF = I exp [_ E (Non-Fading) (B.8)
2 No]

B.2.2 Slow Non-Rayleigh Fading Channels.

Under slow fading conditions, the channel decorrelation time is much longer
than a channel bit period, and the average demodulation error rate is equal to the non-
fading expression averaged over the fading distribution of power:

KPI)=f= 2 e-•sf(S)dS (B.9)
0

The quantity y S, where y = Ecb /No, is the instantaneous symbol energy-to-noise
spectral density ratio.
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For Rician fading, the integral in Equation (B.9) can be done in closed form,
and the average DPSK demodulation error rate is

1 exp R7 (Slow Rician Fading)
2+2(1- R)7 l1+(1-R)7

In the limit that the scintillation index S4 is zero and the Rician index R is unity, indi-
cating non-fading, this reduces to the non-fading error rate [Eqn. (B.8)]. In the limit
that S4 is unity (R = 0), indicating Rayleigh fading, this reduces to the familiar
Rayleigh fading form:

(P1) (Slow Rayleigh Fading)

DPSK channel bit error rates for non-Rayleigh fading are plotted in Figure B-5
for several values of the scintillation index. The top curve in this figure is for a slow
Rayleigh fading channel (S4 = 1), and the bottom curve is for a non-fading channel
(S4 = 0). DPSK symbol error rates for Rician fading are close to the Rayleigh fading
curve for values of S4 greater that 0.75, and are close to the non-fading curve for val-
ues of S4 less than 0.25. Evidently, the DPSK channel bit error rate makes a transition
between non-fading and fading for values of S4 ranging from 0.25 to 0.75.

B.2.3 Fast Rayleigh Fading Channels.

Assuming that the receiver tracking loops maintain lock on the time-of-arrival
and frequency of the received signal, two effects of fast fading degrade PN spread
spectrum DPSK demodulation performance. First, when the decorrelation time of
hc(t) is less than the channel bit period, random fluctuations in the de-spread signal
phase reduce the gain of the code correlator. The signal does not integrate coherently,
and a loss in the signal-to-noise ratio of the output results. This loss depends on the ra-
tio of the decorrelation time to the channel bit period ('ro/T), and on the Doppler
spectrum of the fading5 . Second, random phase fluctuations in the received signal can
cause the DPSK metric to have the wrong sign. The receiver then misinterprets phase
fluctuations caused by fading as phase changes in the transmitted signal.

s Here r0 is the decorrelation time of hc (W. This the same as the decorrelation time of the channel only
for the turbulent model. For the general case, the decorrelation time of hc (t) depends on antenna fil-
tering, if any, and on the relative delay between the local and received PN codes.
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Both of these effects can be treated simultaneously in a derivation similar to one
developed by Bello and Nelin [1962b] about 35 years ago. The starting point of the fast
fading error rate derivation is the DPSK metric [Eqn. (B.7)] written in terms of the
w+ and w_ variables.

In fast Rayleigh fading, the combined response function hC(t) is a complex,
zero-mean, normally distributed random process, so the amplitude of hc(t) has a
Rayleigh distribution. The X and Y variables in w, and w_ are then zero-mean, nor-
mally distributed random variables. Thus w÷ and w_ are similarly distributed. The
second order moments of w+ and w- are then easy to compute:

Kw+) r2 [(x2) )+KX2)+2XoX j) +(y 2 ) +(2K

"1* r2 +2/0+,-2,
+wN . + (N, ) + (N', ) + (N2)]

2K~w.w r [Kx2 2+X)2~ ~ )+K +j± yi2)-2~~)
+-[.,,0o) + (•.•) + K•i.o) + (y,•)]

Kw_.w). = •-[Kx) -K�-.•K 0 --(Yo•]+ [(N. 2 + (No2+ (N2" +,. (-N,,,. 21

+ I4 [(N 2,) -N 2N,0) + (N~ 2) - (N~ 2"] = 0

where cross correlation terms of the form channelx noise or noise xnoise are zero.
Because the w÷ and w- terms are uncorrelated and normally distributed, they are also
independent'. The second order moments of the noise terms are given in Equation
(B.6), and the second order moments of X and Y are

6 Note that w+ and w are uncorrelated if and only if there is equal average power in the real and imagi-

nary (or in-phase and quadrature-phase) components of the noise and combined channel and code cor-
relator response function. Evaluating the effects of imbalances in the average power of these compo-
nents is beyond the scope of this idealized model, but is easy to compute with COMLNK.
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(Xol) -- (Xo2) =y) = (y2
KxoxI) =K(oYI)= R2

With some computation, R1 and R2 can be written in terms of the temporal correlation
function p (t) of the combined channel and code correlator response function:

1R, 2f (I1-)p (Tn) d

0
11

R2 2 f (I1 •)p[T(l -4)] + p [T(x + ] d

0

Once it has been determined that w+ and w- are uncorrelated (and thus are in-
dependent), complex, zero-mean, normally distributed random variables, it is simple to
compute the DPSK error rate. The DPSK metric can be rewritten as

in = a2 _ a2

where a+ and a- are equal to Iw+I and I w, respectively. The amplitudes a+ and a_
have Rayleigh probability density functions:

f(a+)=2a+e +
11+

f(a_) = 2ae -a/-

where

/2

r 2- [R, -+R2 + ]
/2

The average symbol error rate is then the probability that a_ is larger than a+:

(P,) = f da+ f(a+) f da_ f(a_)- lt

0 a..+ +
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which reduces to

(P R1 -R 2 +y'
=2( R, + -) (Fast Rayleigh Fading) . (B.10)

One can see from the definition of R1 that this quantity is equal to the loss in sig-
nal energy within a channel bit period', so the quantity Y' R1 is the value of the channel
bit energy-to-noise spectral density ratio. The quantity 1 - R2 / R1 then represents the
degrading effect of channel bit-to-bit phase fluctuations on demodulation performance.
In the slow fading limit (o >> T), R1 and R, both approach unity, and the fast fading
error rate reduces to the expression for slow Rayleigh fading.

When the fading is fast (t 0 < T), there is a certain probability that channel phase
fluctuations will erroneously change the sign of the DPSK decision metric resulting in
what Bello and Nelin [1962b] call an irreducible error rate. For large values of y, the
DPSK error rate reduces to

(P) - R] - R2  (,y >> 1) (Fast Fading Irreducible Error Rate)
2R1

independent of y. The irreducible error rate depends on the ratio to / T and on the
Doppler frequency spectrum of the fading. This probability is independent of signal-
to-noise ratio for large values of y because it is the signal phase that is randomly
varying and causing demodulation errors.

For the Doppler frequency spectra defined in Section 2 that are representative of
transionoshperic propagation, R1 and R2 are

The A/D output signal voltage is proportional to

1 T2

S=- T hc(t)dt
T -/2

so the power of the output signal can be written as

TT

This expression reduces to R, with a change in variables.
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2[2T,-_3+(T, + 3)e-r4 ] f-4

T4

R1 = [8T, -15+(T2 +7T 6 +15)e-T6] f-6

-v erf~Ig) 1_
Tg 1Gaussian

T9 Tg2

1[3 - 22(T4 + 3)e-T4 +(2T 4 + 3)e-2 T4] f--4

F4

R2= [l--• 15-2(T6+7T6 +15)eT6 +(4T6 +14T 6 +15)e-2T6] f-6
3 6

"f-[erf(2Tg) - erf (T,)]+ l--L 1+[l+eT-4 - 2 e-T] Gaussian

where T4 = oX4 T/tr0 , T6 = a6 T/tr0 , and Tg = T/t 0 , and where a 4 and X6 are numeri-
cal constants defined in Section 2.

Figure B-6 shows the DPSK channel bit error rate in fast Rayleigh fading for
several values of the ratio 'C/T. The Doppler frequency spectrum for these cases has
the f4 functional form. As the channel bit energy-to-noise spectral density ratio in-
crease, all curves, except the 'coT= 0 case, eventually flatten out and approach an irre-
ducible error rate. In this respect, DPSK demodulation is quite robust compared to co-
herent PSK: The decorrelation time can be as small as 10 times the symbol period, and
symbol error rates near one percent can still be achieved. For coherent PSK, the
decorrelation time must be greater that 30 times the symbol period to achieve de-
modulation error rates below one percent8 .

8 Even more robust performance in fast fading is obtainable with frequency shift keying (FSK) modula-
tion and non-coherent demodulation. There still is an irreducible error rate because the Doppler fre-
quency spectrum of the fading smears signal energy across the FSK tones, but a binary FSK link can
operate at smaller decorrelation times than a DPSK link with the same symbol period. FSK links can be
further hardened to fast fading effects by using larger tone spacings [Bogusch, 1989].
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Another view of the effect of fast fading on DPSK demodulation performance is
given in Figure B-7 where the irreducible channel bit error rate is plotted versus nor-
malized decorrelation time (LI0/T) for the three Doppler frequency spectra. These
spectra produce irreducible error rates that are within a factor of 2 or so for a given
value of rd/T. The normalized decorrelation time must be greater than 2, 3, and 10 to

achieve DPSK demodulation error rates less than 0.1, 0.05, and 0.01, respectively.

B.3 DPSK FAST FADING DEMODULATION ERROR RATE FOR
SAMPLED CHANNELS.

Although an actual transionospheric channel impulse response function is
continuous, the calculation of the CIRF for use in COMLNK or in a hardware channel
simulator necessarily involves sampling in both time and delay. Earlier in this
Appendix we discussed the effects of delay sampling of the CIRF on code tracking.
Here we focus on the effects of time sampling on DPSK demodulation performance.

100 1 1 1 1 lilt:

Fast, Rlat Rayleigh Fading
Co . fT~o

S0 "

Lu 10-1

Gaussian
10-2

Doppler
Frequency

10.3 Spectra

Q_

1 0-1 , I I l,~ , ý ''l IN

10"1 100 101 102

Normalized Decorrelation Time, •o/T

Figure B-7. DPSK irreducible channel bit error rate for fast Rayleigh fading chan-
nels.
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It has been the practice of the authors to sample the CIRF in time with sufficient
resolution that the temporal statistics of fades to -30 dB or so match ensemble values.
The requirements on time sampling to achieve such a match are discussed in Dana
[1988]. Once these requirements have been met, we have assumed that the sampling is
also adequate for DPSK demodulation. The purpose of this discussion is to explore the
limitations, if any, of this assumption.

In the time domain, the CIRF is sampled at a fixed rate where the sample period
is usually an integral fraction of the channel decorrelation time (i.e., At = to / no where
no is an integer). The signal contributions to the X and Y samples in Equation (B.5) are
then constructed as

1k+NT-1 ].k+NT-1

Xk =- XRe[hc(lAt)]Ati y =- Jim[hc(lAt)]At,
T l=k T 1=k

where NT is the number of CIRF time samples per symbol period T, and hc(lAt) is
the time-sampled combined channel and code correlator response. The time sample in-
terval is a function of the index I to account for edge effects (in general, the symbol
period begins and ends between channel samples). To simplify this calculation some-
what, but with a slight loss in generality, we assume that there are an integer number
of channel samples per symbol and that they are aligned with the symbols. Thus we as-
sume that At, = At = TINT for all 1.

For Rayleigh fading the sampled CIRF is a zero-mean, normally distributed
process with uncorrelated real and imaginary parts. Then, as shown above, the DPSK
demodulation error rate depends on the second order moments of X and Y. The vari-
ance of X and Y is

x2 Y2 A2 k+N7T
1 k+NT-1yT I jp[( -1")At]=-LRj

I=k 1'=k

where p (t) is the temporal correlation function of the channel. The leading factor of
1/2 results because the real and imaginary parts of hc(lAt) each contain exactly 1/2 of
the signal power. By counting the number of terms with the same value of I - 1', the
expression for R1 reduces to

R, =•- l+2j(l-l/NT)p(BAt)
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Similarly, the cross correlation of X and of Y is

= (x kX'At k+NTff-kk NT k+2NT-iI I= ( - l') ½R2
2T' 1=k 1'=k+N2

After some manipulation the expression for R2 reduces to

R2 =4 p(T)+,(1-I/NT)[P(T+lAt)+p(T-lAt)]

Note that in the limit of slow fading (i.e., when p = 1) both R1 and R2 are unity.

The DPSK channel bit error rate is given in terms of R] and R2 by the expres-

sion in Equation (B.10). The error rate is relatively insensitive to the number of tem-
poral channel samples per symbol as illustrated in Figure B-8 where (Pe) is plotted
versus channel bit energy-to-noise spectral density ratio for three values of the ratio

to / T and for continuous and sampled CIRFs. While there are small differences be-
tween the sampled and continuous CIRF curves for the NT = 1 case, particularly at
small values of to / T, the sampled case curves for NT greater than one agree well
with the continuous CIRF curves. Thus only the NT = 1 and 2 cases are plotted in the

figure.

Note that the DSWA requirement is that there be at least 10 samples per decor-
relation time [Wittwer, 1980]. For one and two samples per symbol, this requirement

is only met when o / T _> 10 and o / T >_ 5, respectively. Thus for the 'T / T _> 3 and
to / T _> 1 cases, the channels are significantly undersampled. We conclude that when

the channel is sampled at least 10 times per to, time sampling effects on DPSK de-
modulation are negligible.

This does not say that this issue can be ignored entirely. Indeed the signal energy

in a channel bit period is very sensitive to the resolution of the time samples, as shown
in Figure B-9. Here the signal sample energy loss due to fast fading (which is equal to

1 / R1) is plotted versus the ratio ro / T for continuous CIRFs and sampled CIRFs with
1 through 32 channel samples per channel bit period. In the fast fading limit, R1 for
sampled CIRFs approaches 1/NT rather than zero, as is the case for continuous CIRFs.
Thus these results show that there can be significant discrepancy in the fast fading sig-
nal loss at small values of ro / T with time-sampled CIRFs. However, at values of

"to / T where the output signal is significantly affected by the resolution of the temporal
sampling, the irreducible DPSK demodulation error rate is already 50 percent.
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APPENDIX C

DEMODULATION PERFORMANCE OF DIFFERENTIALLY COHERENT

PSK (DPSK) WITHOUT AN UNDERLYING SPREAD SPECTRUM CODE

A functional block diagram of a differentially coherent phase-shift keying
(DPSK) receiver without an underlying spread spectrum code is shown in Figure C-i.
The transmitted data are differentially encoded so that differentially coherent demodu-
lation can be used. Thus only the frequency but not the phase of the received signal
needs to be tracked. This eliminates the primary failure mechanism of a coherent PSK
receiver in a fading channel - loss of phase lock.

Without an underlying pseudo-noise (PN) code, time and frequency selective
fading effects are not mathematically separable as they are with a PN code (see Appen-
dix B). Thus the problem of DPSK demodulation in time and frequency selective fad-
ing channels is considerably more complex in this case. Because of this we have not de-
veloped analytic demodulation error rates with as much detail as is included in the
analytic model for DPSK with a PN code. In principle such detailed models could be
developed, but would add little to the COMLNK validation process. To simplify the
comparison of COMLNK and analytic results we always consider either fast, flat fad-
ing or slow, frequency selective fading, although analytic expressions have been devel-
oped for fast, frequency selective fading.

Delay tracking can be accomplished in this type of receiver by measuring the
signal energy during the first and second halves of the modulation period and equaliz-
ing the energy in these two measurements'. To simplify this calculation we approxi-
mate the effects of delay tracking by finding the sampling time that maximizes the re-
ceived signal energy. We then show that the optimum sampling time in frequency se-
lective fading is a small fraction of a symbol period, even in severe conditions.

In Section C. 1 of this appendix we derive the received signal in terms of the
channel impulse response function and then investigate the effect of delay tracking by
finding the ideal delay offset. The ideal offset is between zero and two-tenths of a sym-
bol period late, depending on the severity of the frequency selective fading, relative to

Actually, several different delay discriminator algorithms can be used, as described in Bogusch [1990].

Perhaps the most common PSK technique involves mid-bit sampling.
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the optimum position in a non-fading or flat fading channel. These results are used to
compute on-time and intersymbol interference (ISI) signal energy. DPSK demodulation
performance in continuous time and frequency selective fading channels and in sampled
frequency selective fading channels is computed in Section C.2.

C.1 IDEAL DELAY OFFSET AND OUTPUT SIGNAL ENERGY.

The ideal delay offset is computed in this subsection for a slow, frequency selec-
tive fading channel with a continuous channel impulse response function (CIRF). The
ideal delay we calculate here is that which maximizes the total received signal energy,
including the on-time signal and the ISI. Presumably, a delay-lock loop (DLL) that uses
early and late signal samples and attempts to equalize the signal energy in the two will
produce a delay offset close to that which maximizes the signal energy.

Consider a transmitted DPSK waveform:

m(t)W= •eij•rIf[t-I] (C.1)I T

where (p, = 0, nt randomly is the data modulation, and T is the channel bit period. The
rectangular function H(-) is defined as

1{ for IxI<½
( otherwise

The output of the channel is the convolution of the transmitted modulation and the
CIRF. This convolution is

u(t) = r f m(t -t")h(t,t,)d' (C.2)
0

for a continuous CIRF, where r is the received signal amplitude.

The received signal is then sampled in an A/D converter. The sampled signal
used for data demodulation is integrated over the channel bit period, so the complex
voltage sample during the kth bit period that is converted to a digital representation by
the A/D can be written as:

1 (k+l / 
2 )T+TD

Zk = - f [u(t)+n(t)]dt , (C.3)
(k-i / 2 )T+'CD
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where 'TD is the delay offset. In subsequent developments we calculate the ideal delay
offset assuming that the channel is slow fading (T0 >> T), so the time dependence of
the CIRF can be ignored when Zk is evaluated.

The voltage n(t) is complex additive white Gaussian noise (AWGN) with the
usual properties:

(n(t))= 0

(n(t1 )n(t 2 )) = 0

(n(t, )n* (t)) = No 8(t] - t2 )

where No is the two-sided noise spectral density ratio. The second equation results be-
cause the real and imaginary components of AWGN are uncorrelated.

It is convenient to separate the complex signal samples into contributions from
the on-time signal and the ISI. Assuming that the delay offset is limited to the range
0 < tD < T, the on-time signal contribution to Zk is

T+TD

So = rej('k fhr (' Dd

0

where we have suppressed the time dependence of the CIRF for this slow fading calcu-
lation. The triangle function in this equation is defined as

A-1x1 for 1x1<1

otherwise

The ISI contribution is

T+-tD

Sl=-r eJPk-l h[re+ (l- 1)T] -D +h[+lr](1 +-TD] I}d

'CD

Rather that computing early and late voltages to find the ideal delay offset, we
will assume that the offset is close to the delay that gives the maximum mean signal en-
ergy. That is, we will find the value of TD that maximizes

E=( So+S1 1 2 )
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ignoring the effects of AWGN. In computing the expectation in this expression, we

make the reasonable assumptions that the transmitted modulation is uncorrelated with
the channel impulse response function and that the modulation is uncorrelated from

symbol-to-symbol. The two resulting expectations are

Khtit) h* (Cr')) = G('r) 8(Cr - "t')

KeJ(Pk-)) - 50 (C.4)

where G(.) is the power impulse response function, 8(-) is the Dirac delta function, and

8k,1 is the Kronecker delta symbol:

8kI={1 ifk=/
k, otherwise

With these assumptions and definitions, the mean output energy of the on-time and ISI

contributions, respectively, is

T+tD

E0  (So S) f G(t) A'TT DT )dT

0

El =(SoS*)=r2 f G(r)(-DTdt

0

T+'tD

+r 2= {G(,r+lT) 1-2(-D- + 2 (T gD.]2d

tD•

When G(.) has an exponential form [Eqn. (2.8)], the on-time and ISI terms reduce to

Eo =r2 -1 + 2 leX(1+TDT) +•(I-2eXtDIT _ /T)

2e -X'C / T (I - e-2X - 2k•e-x)
El =2r2  e2X V
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where k=2n foT.

The ideal value of 'tD IT that maximizes Eo + E, is plotted in Figure C-2 versus
normalized frequency selective bandwidth, foT. When fOT is less than 0.1 or so,
"tDIT approaches 0.182. The on-time, ISI, and total signal power for the ideal value of
"ED/T(solid and dashed lines) and for 'rDIT equal to zero are plotted in Figure C-3.

In the limit of severe frequency selective fading, the total signal energy ap-
proaches 2/3. The loss of 1/3 of the energy is often attributed to the "mismatch" of the
received signal and the rectangular pulse shape assumed in the receiver. However, the
missing 1/3 of the signal energy (in the limit that foT << 1) is actually contained in the
cross correlation of the on-time signal and interfering signal voltages, which is identi-
cally zero in this calculation only because we assume that the DPSK modulation is un-
correlated from bit-to-bit. If long sequences of zeros or ones are transmitted, then the
signal modulation is perfectly correlated from bit-to-bit, the cross term is no longer
zero, and the total energy is unity for all values of foT, as it should be.

The signal energy for the zero offset case (tD = 0) is shown in Figure C-3 be-
cause in later developments we are going to ignore the delay offset to simplify the tedi-
ous algebra somewhat. These results show that the total signal energy is relatively in-
sensitive to the value of tD IT. However, using the ideal delay offset increases the on-
time signal energy by a factor of 3/2 or so and decreases the ISI energy by a factor of
about 2. Thus we expect there to be some impact of delay tracking on the DPSK de-
modulation error rate in frequency selective fading.
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C.2 DPSK DEMODULATION ERROR RATE IN FAST, FREQUENCY
SELECTIVE FADING WITH CONTINUOUS CIRF.

Error rates for binary differential phase-shift keying (DPSK) demodulation are
computed in Appendix B for non-fading additive white Gaussian noise (AWGN) chan-
nels, Rician fading channels, and slow and fast, flat Rayleigh fading channels. In this
appendix the calculation is extended to fast, frequency selective fading. The DPSK er-
ror rates for fast fading or frequency selective fading was originally derived by Bello
and Nelin [1962b]. To our knowledge this is the first time this calculation has been ex-
tended to simultaneous fast and frequency selective fading. To simplify the calculation
somewhat we assume that the CIRF is continuous and that the delay offset is zero.

By combining Equations (C.1), (C.2) and (C.3) the complex signal plus noise
voltage, sampled over a channel bit period T, is

(I+I)T T/2

Zk =rXleJ f-1 dt-1 fdth(t+kT, r)l( +l +Nk
1=0 (I-I)T T -T/2

where the delay offset has been set to zero, and the CIRF is identically zero for nega-
tive values of delay. The AWGN contribution to Zk,

I (k+i/2)T
Nk=- fn(t)dt

T (k-1/2)T

has the following properties:

(Uk)= (UkN) =O0

Kk) = Nok 60 (C.5)

It is convenient to separate the kth voltage sample Zk into on-time and ISI con-
tributions:

00

Zk = re Sj $, (k) + rje S2 (k,/) + Nk
1=1
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where

T(k)=TdT T/2 dth(t+ kT, c) H(L--)
0 -T/2

and
2T T/2S2 (k,l1): fdt T f dth[t+(k-l+1)T,,r+(I-1)TlrI( t- T+l)

0 -T/2

Similarly, the k + 1st voltage sample is

Zk+I = rejýPk+I ýS (k + 1) + r ej'9k*-l S2 (k+1,/)+N,+j
1=]

Following the derivation in Schwartz, Bennett and Stein [1966], the DPSK deci-
sion metric is

th=Iw+I2-Iw_j2 ,
where

1Z
w+ =-(Zk+l +Zk)

2
1

w =-(Zk+1--Zk)

Upon substituting the expressions for Zk and Zk+I into the expression for An, we get

w + reJik+Sl (k +)+ reJks 2 (k +1,1) + reJ kS 2z(k + 1,1) + Nk+
21 2 1=2

(C.6)

± rej(Pk S1 (k) ± rejPk-I $2 (k, 1) ± r_ ejPk-I $2 (k, 1) + Nk
S''1=2 6-

5 6 8
7

The terms in this equation have been numbered as a short hand way of referring to
them in further developments.
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C.2.1 Statistics of w+ and w-.

In Rayleigh fading, whether flat or frequency selective, the first-order statistics
of the channel impulse response function are complex normal with zero mean. Of
course the noise is also complex normal with zero mean. Because the integral of a zero
mean, normally distributed random process is similarly distributed, w_ and w_ are
also zero mean, normally distributed random processes. Thus the statistics of w, and
w- are completely determined once the second order moments of the eight terms are
computed.

For the steady state channel and AWGN random processes considered here, the

variances of the terms in Equation (C.6) must be independent of the index k. Thus the

variances of terms 1 and 5, terms 2 and 6, terms 3 and 7, and terms 4 and 8 are all

pair-wise equal. The variance of terms 4 and 8 is given in Equation (C.5). Further-
more, because the channel fluctuations are uncorrelated with the AWGN, all channel x
noise cross terms necessarily have zero mean.

The variance of term 1 in Equation (C.6) is

22

r 2 T T T/2 TI2 Ftt rKt r >t

4T 0 0 -T/2 -T/2 + k ( T (+Tr

The turbulent model is assumed so that the expectation of the channel impulse response
function is equal to the power impulse response G() times the temporal autocorrelation
function of the channel:

Kh(t, t) h* (t', t')) = p(t - t') GW(t)(- "t')

2After some manipulations of the two time integrals, the expression for a, can be re-
duced to a single time integral with the result

r 2 1 1 -•

2 0 0

where ý = t/ T and • = t / T are normalized delay and time variables, respectively.
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The variance of term 2 in Equation (C.6) is

2y -- $ (k + 1, 1)$2 (k + 1, 1))

r 2 2 T 2 T T/2 T/2= --T f dtf [dt'r f dt f dt" (h~t +(k+ l)T, zlh *[t + (k +l)T, #'])

0 0 -T/2 -T/2

Similar manipulations as were performed in the expression for a, reduce this variance
to the following

r2 1
G22 = f dý T G(Tý) f dý p(Tn)( -)

o2  0

r2 1+-- f dýT G[T(ý + 1)] f dýp(TA)(1- - •

0 0

The variance of term 3 in Equation (C.6) is

2 oo

We assume that the transmitted modulation is uncorrelated with the channel impulse
response function and is uncorrelated from symbol-to-symbol'. Thus the expectation of
the modulation is given by the expression in Equation (C.4), and the double summation
in this equation reduces to a single sum. After some algebra,

2 r 2 -o 1

21= 0 0

+JdtTG[T(t-+ 1+ 1)] fd~ p(T)(1- - )
0 0

2 The first of these assumptions is reasonable because the transmitted data and the channel fading are
completely unrelated. The second assumption implies that the transmitted data are random and do not
contain long sequences of zeros, ones, or alternating zeros and ones.
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22 2
The two terms within the curly brackets are equal to (72 when I = 0. Thus (72 + (2 and

6+ are equal to this expression with the lower summation limit set to zero.

Fortunately (because they are quite tedious to calculate), there are only five sig-
nal x signal cross correlation terms that are non-zero. The other 10 signal x signal
cross correlation terms are equal to zero because the transmitted modulation is uncor-
related from symbol-to-symbol [i.e., because of Equation (C.4)]. All 12 signal x noise
cross correlation terms and the one noise x noise cross correlation term are equal to
zero. The non-zero terms are C12 , C15 , C25 , C36 , and C37 where Ckl denotes the cross
correlation of the kt'h and 11h terms in Equation (C.6). The 1-2 cross correlation is

c -2C12= - 7 S1(k -- )S2 (k +l1,))

2 T 2T T/2 T/2

= - fjdt f dt Idt'(h[t+(k + l)T,tr]h*[t"+(k + l)T,t'])
4T 0 0 -T/2 -T/2

After considerable manipulation this expression reduces to

2 1/2 11 I

C1 2 = f- dt T G(T)rJ dP o(Tn)+ ý f d p(Tn)+ J d p(T)(1-
40 10I

+. f JdýT G(Tr\Ff dý (7 T +( ) ýp7)+f \p7)(4 1/2 0-

The 1-5 cross correlation is

(715 -Jr- 2 (Sl (k + 1)S* (k))
4

2 T T T/2 T/2=+-1ý--2d'rf, l'r, fdr fdt'(h[t+(k+l)T,,r, h*[t'+kT, z'])

4T 0  0 -T/2 -T/2
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which reduces to

=,r2 1 >
C15 f dý T G(Tý) f dE {p[T( + 1)] +p[T(1- •)1}(1- ;- )

"0o 0

Next, the 2-5 cross correlation term is

C25  4 (--$(k + 1,1)9,(k))

2 2T T T/2 T/2
=4T 2 fdTjd-r' Jdt Jdt'(h[t+(k+l)T,tr]h*[t'+kT,T'])

4T o 0 -T/2 -T/2

After some manipulation it can be seen that this expression is equal to C12, except for
the leading sign.

The 3-6 cross correlation is
r2 oo

C36= -4 2 )(S2 (k,1)S2(k + l'l))

The expectation of the modulation is non-zero only for the I = 2 term, so this expres-
sion collapses to

C 36  r "- 2 (k, 1)S2 (k + 1, 2)

2 2T 2T T12 T/2

=+T 2 fdtjdt' Jdt JdtI(h[t+kT,xc]h*[t"+kT,'"+ T])
4T 0 0 -T/2 -T/2
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After considerable algebra, this reduces to an expression similar to that for C 12 except
for the sign:

2 1/21

C36 =-T jdýTG[T( + 1)][fdýp(n)+ý {dtp(T)+ fdI p(n)(-©j
40

-f JdýT G[T(ý + I)] [ fdýýp(n) + (I )fd (ý)+d ~)(4 1/2 01-4

For the exponential form of the power impulse response function [Eqn. (2.8)],

G[T( + 1)]=e-)v G(Tý)

where X = 27c foT. Thus

C36 =e- C12 (exponential power impulse response function)

The final cross correlation (3-7) to be evaluated is

C37 =- I (ejX k'-'-jk-P )(S2 (k + 1, l)S ;(k, 1'))
4 1=2 l'=2

The expectation of the modulation is non-zero only if P' = I - 1, so a single sum results:

2  cc 2T 2T T/2 T/2

C37 + f~ JdTfdt' f dt f dt'
4T 1=2 0 0 -T/2 -T/2

x (h[t +(k +2)T,- + (1- 1)r]h*[t' +(k +2)Tz' +(1- 2)T])

X _( tT I + 1 l t'T '+

Again after considerable manipulation, C37 reduces to

2cco 1/2 1_C37=---- I fdý TG[T(ý + 01 dý p(7ý) +• ýfd4 p(n)+ f dýp(n) (1-)
4 2=1 0 1

+r-- fdýTG[T( +I)] {d4Pp(T)+(1-ý) fd~p(Tn)+fdp(7h)(1-ý)
4 1=] 1/2 1-c
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When G(O) exponential, C37 reduces further to

oo -x,

C37 =+C 1 21el eC12  X- (exponential power impulse response function)
1=1 1

These second order moments of the terms in Equation (C.6) now can be written
in terms of four double integrals:

R1 =f dTG(Tý) f dfp(T)(X--)
0 0

o 0

1/2 -1 ]
R4= fdýTG(Tý) fd tp(Tn)+; f dp(TA)+ fd p(Tn)(1-)

0 1-0

+ f dýT G(T dý;)Jlý)f~~n+dp~)1
1/2 o 1-ý

With these definitions and the exponential form for GO,
r2

G 2 = G"2 r 2

Ss ÷ R12

C2Y 2 + 2 r42R 2 +eXR1a2 + 3 - 6 + 7  2L1-e-J

2

C12 = C25 =-rR 44

2
C15 = r R3

4
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9r-X R?4C36 = -- '- R4

4
2 -•X

4 1-e-

The variances of the noise terms (4 and 8) are given by Equation (C.5).

We note in passing that the on-time (Eo), ISI (E), and total energy (ET) of the
signal can also be written in terms of R1 and R2:

Eo = 2r 2 R,

El = 2r2 R2 + e-XR 1

ET = 2r 2 R1 + R 2
1 - e-X

C.2.2 Evaluation of Integrals.

The R1, R2, R3 and R4 integrals can be done in closed form for the exponential
form of the power impulse response function and for the temporal correlation func-
tions given in Chapter 2. The results are tabulated in this subsection for Gaussian, f-6

and f-4 Doppler spectra and for the slow fading limit (t 0o >> T).

Gaussian Doppler Spectrum

R - exp - + "2 l erf l+erfr[,- + erf Tg

R=Tg X 4 Tgj ~2 Tg 2 2Tgj 2 T5? X~

T2 [1-eT
g

R2- exp [{erf Tg + -erf + 2T X er [T,S2TgX• 4 T,2 2-g 2 Tg 2 J

2TTL

2C-g1
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R3= Vi x X +4 r 2Tg2]{ " ] - rj[Tg -'-]}

+ e +P[2]{ erf T + ]erf[

2xp

TgX eP[T2{[g 2Tg +ef g]}

erfx[Tg ](l] erf[2Tg] +g 1 +]e 2eT9 2X, 2 2Tg I

R4 = exp "-g2er r f -- +-eft-kef[g
2Tgk, I[4V-Tl 12TgJ I • - g 2Tg?,}

V-- ir exp k- + e rf 2 +g2 T
+-g? gýT2 I+erf ITg 2T-g

where erf (.) is the error function and Tg = TI /t.

f- Doppler Spectrum

28T62 -9T 6k±32- 2 _9 8T6 +15k-8T6X

3k (T6 _ X)3 3T62k
-T,T2 (24 + 9 T6 + T62)- T6(3 7 +16T6 + 2T62)+ X?(15 + 7T6 + T62)e T6

S3T6 (T6 -X) 3

R2 8T62 + 9T6 + 3V2 8T6 - 15k+ 8T6?, ex
3% (T6 + ?,)3  3T6

2 • e

_k T62 (24 + 9T6 +T62 )+±T 6 (37+16T6 + 2T62) + (15 + 7T6 +T62) eT6_

3 T62(T6 +?)3
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R3=)24T62 +37T62 +15V2 2(15+7T6 +T2)e -
3T6 (T6 + )) 3 T62

S2T62(12 + 9T6 + 2T6
2 )-2J76 (37 + 32T6 + 8T6

2 ) +X X(15 + 14T6 +4T6 )e 2
T6

3T62 (T6 _ )3 
e

T6(15 + 7T6 + T)2 2(XT 6)2(5 + 5T 6 + T62) + 4 (3 + 3T6 + T6) eT 6 _
+3(T 2 V-)

4 15T62+21T7•+82 2  15T 6
2-21T 6 X±•+8 e_

3T6 (T6 + X) 3  3T6 (T 6 -_ )3

T6
2 (15+7T6 +T62)-xT 6 (21+12T6 +2T 6

2)+X 2 (8+5T6 +T62 ) eT 6

3T 6 (T6 - X)3

_ 2 (15+ 7T6 + T72)+ x7 (21+ 12T6 + 2T62 ) + 2(8 + 5T6+T62) e +

3T6 (T6 + ?,)3

where T6 = oX6T/,to, and OC6 is a numerical constant (a 6 = 2.904630-...) defined in

Section 2.1.

f--4 Doppler Spectrum

R= 2T4 -2T 4 -3+ 2T4 -X e- -XT4(4+T4)-X(3+T4)e-T4

2T42+k 2T4 - )3Z, 7+(7 _2)2

R2 2T4 -3e-+2T4e T4 (4+T 4 )+ X(3+T 4 ) e-T4-
(T4 + X)'9 k74 Z T4 (4 + X,)2

Rx 4T4 + 3X_ 2(3+T 4 ) e-T_ X2T4(2+T4)- X(3+2T4)e_2T

4 eT4

T2 (3 + T4 ) - A2 (1 + T4 ) e-T4-x
+2C-
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3T4 + 2k 3T4 - 2kX T4 (3+T 4 )-£(2+T4)
R4  = Te 2  + 4g(T4 + £)l T4 (T4 ) T4T- )

T4 (3+ T4 )+ k(2 + T4 ) eT4

T4 (T 4 + k)
2

where T4 = x4T/tro and a.4 is a numerical constant (a 4 = 2.146193...) defined in Sec-
tion 2.1.

Slow Fading Limit (,To >> T)

All of the above expressions for R1, R2, R3, and R4 reduce to the same set of
equations in the limit that the decorrelation time is much larger than the symbol pe-
riod. The slow fading limits for these equations are

R,2(1 - e-') - k(2 - k)

R22 -(2 + 2k + £2)e-•"
R1= 2£2

2V&

R3 2-2k +
2 -2e-"

4(k-2)+(8- X2)e-X12

4V2

C.2.3 DPSK Channel Bit Error Rate.

In general, the DPSK channel bit error rate (i.e., the demodulation error rate) is

Pe = P[rA < O0 Pk+1 = (Pk IP[(Pk+l - (Pk (

+P[A'ý>O0 pk+l =(Pk -+T]P[(pk+l =(Pk +](C.7)

where P[rh <01 OPk+1 = (P] is the probability that A is negative given that there was no
phase change between the kh and the k + 1st transmitted bits (i.e., that Pk+1 = 90,

PNPk+1 = (Pk I is the probability that there was no phase change in the transmitted
modulation, P[A > 01 Pk+1 = (Pk + rt] is the probability that A is positive given that
there was a phase change between the kth and the k + 1" transmitted bits (i.e., that
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(Pk+1 = (Pk + 7r), and P(Pk+k = (Pk + n] is the probability that there was a phase change
in the transmitted modulation.

For non-fading or flat fading channels the probabilities P[rh < 01 (k+1 = (Pk ] and
P[rh > 0 1(k+] = (Pk + 7c] are equal, so only one of these needs to be computed. Thus the

channel bit error rate is independent of the exact distribution of zeros and ones in the
transmitted data stream. For frequency selective fading these two probabilities are not
equal so both must be computed, and the channel bit error rate depends on the trans-
mitted data. In further developments we will assume that phase changes or no phase
changes are equally likely in the transmitted modulation. Thus we assume that

P[(pk+l =(Pk] I= P[pk+l = (k+ 7C]= -_.f (C. 8)

This may not always be the case. For example, one could imagine a fixed message or a
preamble that contains more ones than zeros or vice versa or a long sequence of alter-
nating zeros and ones. We will show that in the limit of severe frequency selective
fading (foT << 1) and large signal-to-noise ratio, the irreducible DPSK channel bit er-
ror rates for the two cases are

P[rh < 01 (Pk+I = (Pk 8 (C.9)

Pith > 01 (Pk+] = (Pk + e]-->58

Obviously the linear average of these two limits is 50 percent, but if Equation (C.8)
does not hold, the average irreducible error rate could be greater than 50 percent.
However, because these two probabilities differ by a measurable amount only at large
error rates and large signal-to-noise ratios, this may be of little practical significance.

With the above assumption about the distribution of phase changes in the trans-
mitted modulation, the channel bit error rate reduces to

Pe,= -2p [<0 (Pk+l =(pk]+2lP[?n >O 0€1k+i ='Pk - 7] (C.10)

Case 1. (Pk+1 = (Pk. In this case the probability of a demodulation error is the probabil-
ity that the amplitude of w is greater than that of w+. Assuming Rayleigh fading so
w+ and w are both zero-mean, normally distributed, complex random process, the
DPSK channel bit error rate is given by the expression derived in Appendix D:

C-20



P['n < 0 (Pk+l Pk]= (C.11)2 02 +2-)2 _4a2c2P2
4 + -R

where

2 < > 2< :>w+w
+ = KW+W+) PR--WW R-

The cross correlation of w+ and w is real for DPSK waveforms.

The variances and cross correlation of w+ and w_ can be written in terms of
variances and cross correlations of the individual terms calculated in Section B.2.1.
Being careful to keep track of the sign of each term, we get

CY2 = 2 + Y2 +G2 +G2 + Y2 + 2 +G2 + Y2
2 1 + a2 +a3 + 2 4 + 4 5 + a6 + a7 + 6 5

+2C 12 +2C 15 +2C 2 5 +2C 36 +2C 37

2 2 2 2 2 2 2 2 2G-a=1 ,+a( 2 +G 3 + (4 +aC5 +0 6 +a(7 + 8  (C. 12)
+2C12 - 2C 15 - 2C 25 - 2C 36 - 2C 37

a+oTPR = 2C 12 .

Writing these expressions in terms of the R integrals and assuming the exponential
form for the power impulse response gives the following:

S+02 =r F22R±+R2) R1]
2+ 1-e-X + 4 +

+2 - [(e-LY + - R4 + R3]

G+a-PR = Ir2R4

where = r2 TINo is the channel bit energy-to-noise spectral density ratio, Ecb / No, in
the absence of propagation effects.

In the limit of slow ('to / T >> 1), severe frequency selective fading (foT << 1),
the irreducible error rate (i.e., lower limit of the channel bit error rate when y >> 1)
when the modulation is unchanged ((Pk+l = (Pk) is 3/8.
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Case 2. (Pk+1 = (Pk + 7r. In this case the probability of a channel bit error is the prob-
ability that the amplitude of w is less than that of w,. Again assuming Rayleigh fad-
ing, this error rate is given by the expression in Appendix D:

P[)h >0 1,Pk+1 =g(k + ]= - +] 1 (C.13)

We get the following expressions for the variances and cross correlation of w+ and w_
when the modulation has changed:

72 (2 + Y2+T2+a 2 +G2+ Y2+Y 2 + Y2(3+ "- 4 5 6

-2C 12 - 2C 5 + 2C 25 + 2C3 6 + 2C 37

2 Y 2 + 2C +,a + •Y2 + 2C + 20 + 2( + 2
(C.14)

-2C 12 + 2C 15 - 2C 25 - 2C3 6 - 2C 37

CT+(_PR =-2C2.

Writing these expressions in terms of the R integrals and assuming the exponential
form for the power impulse response function gives the following:

7 2 = r2 2 (+R2) R4 +

T 2 _ 2 = r[ 2R3 1e-X 4]

CT+(T-pR = lr2 R4

In the limit of slow severe frequency selective fading, the irreducible error rate
when the modulation is changed (Pk+l = (Pk + 7) is 5/8.

General Case. The DPSK irreducible channel bit error rate in slow, frequency selec-
tive fading with a continuous CIRF is plotted in Figure C-4 for three cases: when the
modulation is unchanged (9k+I = (Pk), when it is changed ((Pk+l = (Pk + 7C), and the lin-
ear average of the two. One can see from the figure that the difference between the ir-
reducible error rate for the two cases is negligible for error rates below 0.01 or so. In
further developments we will assume that the two cases are equally likely, and we will
plot the average of the error rates for the two cases.
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Figure C-4. DPSK irreducible channel bit error rate in slow, frequency selective
fading with a continuous CIRF.

The DPSK irreducible error rate in fast, frequency selective fading with a con-
tinuous CIRF and a Gaussian Doppler frequency spectrum is plotted in Figure C-5.
Here the error rate is plotted versus the product foT for parametric values of the ratio
tro / T. These results show that the effect of fast fading is to increase the irreducible er-
ror rate above that for slow fading, as is expected.
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Figure C-5. DPSK irreducible error rate in fast, frequency selective fading with a

Gaussian Doppler frequency spectrum.

C.3 DPSK DEMODULATION ERROR RATE IN SLOW, FREQUENCY
SELECTIVE FADING WITH A SAMPLED CIRF.

So far the results in this appendix have been developed for a continuous channel
impulse response function (CIRF)3 . Thus the effect of the channel on the transmitted
modulation is given by the convolution integral in Equation (C.2). However, to actu-
ally generate a realization of the CIRF for use in either a simulation or a hardware

channel simulator, the channel must be discretely sampled in time and delay. In the
time domain, the sampling is usually done to accurately reproduce the mean duration

and separation of fades, say down to -30 or --40 dB. This requires something on the
order of 40 samples per decorrelation time [Dana, 1988]. It is shown in Appendix B
that such fine time sampling is more than adequate to minimize time sampling effects
on DPSK demodulation performance.

3By continuous CIRF we mean that the delay variable is continuous. The function itself is delta corre-
lated, and hence is "infinitely discontinuous".
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Sampling effects are more significant in the delay domain where the sample size
often is coarser. With delay sampling, Equation (C.2) becomes

N,-]
u(t) = r I m(t - iAt) h(t, iAt) At

i=0

where m(t) is the transmitted DPSK modulation, At is the delay sample size, N. is the
number of delay samples [see Equation (2.13)], and h(t, iAc)At is the sampled CIRF. In
subsequent developments, we use hi (t) as a short-hand notation for h(t, iAt) A'. Upon
substituting the expression for the transmitted modulation [Equation (C. 1)], the com-
plex voltage sample in Equation (C.3) becomes

0 N .- 1 TI/2 t -- iA
Zk =rjejk-] I - fdt hi(t+kT)rt -+I +N ,

1=0 i=0 TT12  I T ]

where Nk is an AWGN sample with properties given in Equation (C.5). After a few
changes in variables and assuming slow fading so hi (t + kT) can be pulled out of the
time integral, the complex voltage sample can be written as

00

Zk = reJ9k S1 +r.ej(Pk-I $2 (l) + Nk
1=1

Assuming that the number of delay samples per channel bit period ND = T/At is an
integer, the S terms are

N -1N1= .(1-i/ND)hi

i=0

NT-1

$ [(i/ND) hi+(II)N ±(1-i/ND)hi+IN.]
i=0

The time argument of the sampled CIRF has been suppressed because of the assumption
of slow fading.

With these definitions, the w, terms in the DPSK decision metric are
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1 rejTpk',• +reJ29(1)+rj reJ(k+_ 2 (l) + Nk+I2 1=2
24L 3

00

+reJ(PkS + reP•*-k 2(1)_ reJ- ka (l) { +N

5 6 8=2
7

Again the terms are numbered as a short-hand way of referring to them below.

C.3.1 Statistics of w+ and w.

As is the case for a continuous CIRF, the first order statistics of a sampled CIRF
in Rayleigh fading are complex normal with zero mean. Thus the statistics of w+ are
completely determined once the second order moments of the eight terms are com-
puted. The second order moments of the noise terms are given in Equation (C.5), and
all channel x noise terms all have zero mean.

The variances of terms 1 and 5 are equal and are

2 2 r 2 ND-I ND-]

i=0 i'=0

Because the CIRF represents a stationary process in frequency, it is delta correlated in
delay. Thus the delay correlation of the sampled CIRF is

(hi hi*,) = Pi 8jij, ,

where Pi is the mean power of the ih delay sample of the CIRF [Eqn. (2.14)]. The
double sum in the variance expression then collapses to a single sum to give

r2 ND-I
a=2 2 Pii(-i/ND)2

4 i=0

Similarly,

r2 ND-i

G2z =6=-4 IO [Pi(i/ND )2 + Pi+N6 (1-i/NO)2
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and

cc ND-I
2 2= 2 r 1 EDKN

2  1iN)2 Ip
1=2 i=0

Although the upper limit of the first sum in the expression for a is infinity, there are
only a finite number (N,) of non-zero Pi terms, as determined by Equation (2.13).

The non-zero cross correlation terms are C12, C15, C25 , C36, and C37. These
terms are

r2 ND-

C12 = C25 P4 i=oP /ND)(iND)

4 =

r2 ND-I

C36 = -X •,i+ND (i/ ND) (1-i/ND)
4 j=

r 2 ND-1
C37 -- 4•1 Pi+IND(i/ND)(1- i/ND)

4 1=j0

C.3.2 Evaluation of Sampled CIRF Sums.

Some care must be taken in evaluating the sums that occur in the expressions for
the demodulation error rate with a sampled CIRF so that the delay grid in the analytic
error rate expression contains exactly the same total signal energy as is contained in the
COMLNK grid. The mean energy of the sampled CIRF in each delay bin (Pi) in terms
of the normalized frequency selective bandwidth (X = 22tfoT) and the number of delay
samples per modulation period ND is, from Equation 2.14,

The total number of delay samples N. in the grid is related to the total signal energy
P, in the delay grid by the expression

N In(IC- P2)ND

C-27



The current DSWA specification for the minimum total signal energy in the de-
lay grid is 0.975 for which the factor -ln(1 - P,) is equal to 3.7. We show later in this
Appendix and in Appendix G for BFSK without hopping that this may be inadequate
for ISI applications and should be increased to 0.999. For this new value of P,, the
factor - In (1 - P,) is equal to 6.9, increasing the required number of delay samples by
a factor of 1.9 for small values of X.

The sums that occur in the sampled CIRF expressions for mean signal energy can
be written in one of two forms:

ND-1

Ex: IPiRx(i/ND)
i=O

oo ND-1

Ey =I I Pi+IND Ry(i/ ND)
1=1 i=O

where Rx (i/ ND) and Rr (i/ ND) are expressions that result from the integrals over the
sample time T. The I sum in the second expression results from evaluating the contri-
bution of the intersymbol interference. The upper limit in the delay sums, ND - 1,
must be replaced by N, - I when N, < ND. Equivalently, one could evaluate these ex-

pressions by setting Pi = 0 for i > N_.

Because the sampled CIRF has an exponential fall-off for the delay bin energy,

Pi+IND = e-ix Pi I

and the ISI sum can be separated from the delay sum:
Ey= N, IN, -1 'ý]['N,-l[ i=0 i/

E /I I[ N Pi 1D)
1=1 iL

where N. / ND is the number of delayed modulation periods in the sampled CIRF.
There are two cases to consider. When NT < ND, only signal energy from the immedi-
ately preceding modulation period contributes to the energy received during the on-
time modulation period, and

Ey =0 NM <ND

When the delay spread equals or exceeds one modulation period (N, > ND), the ISI
sum is
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FN /N D I] FNoD)1+FD/, N]

Ey= ~]L Pi Ry(i / ND Ie PND ~RX(i /ND)] N, Ž!ND

where the sums are equal to zero when the upper limit is less than the lower limit. The
second term is the contribution from the "leftover" delay samples, where

N-TD =Mod(N.,ND) ,

and Mod (.,.) is the remainder of the first argument divided by the second.

C.3.3 DPSK Channel Bit Error Rate.

As is the case for a continuous CIRF, the demodulation error rate in frequency
selective fading for a sampled CIRF depends on the transmitted modulation. Thus
Equation (C.7) again gives the channel bit error rate. To simplify this calculation with
little loss in generality, we will make the reasonable assumption that zeros and ones are
equally likely and uniformly distributed in the transmitted data stream, so Equations
(C.8) and (C.10) hold. The demodulation error rate for the case where the transmitted
modulation is unchanged ((Pk+l = (Pk) is then given by Equations (C.1 1) and (C.12) us-
ing the sampled CIRF expressions for the variances and cross correlation coefficients.
Similarly, the demodulation error rate for the case where the transmitted modulation is
changed ((Pk+1 = (Pk + T) is given by Equations (C.13) and (C.14), again using the sam-
pled CIRF expressions. The average DPSK demodulation error rate is the linear aver-
age of the two error rates for the two cases.

The DPSK irreducible channel bit error rate in slow, frequency selective fading
is plotted in Figure C-6 for sampled CIRFs with 2, 4, 8, and 32 delay samples per
channel bit period. The total signal energy in the delay grid is 0.975 for these curves.
For comparison, the irreducible error rate is also plotted for a continuous CIRF. The
discontinuous jumps in the sampled CIRF curves occur as the number of delay samples
in the grid changes. For small values of f0 T there are many delay samples and the dis-
continuities are less obvious in the curves. As f0 T increases, the number of delay sam-
ples eventually decreases to one, and the irreducible error rate is zero for flat fading
(i.e., for N, = 1). Of course the value of f0 T where flat fading is reached depends on
the number of delay samples per modulation period, ND.
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Figure C-6. DPSK irreducible channel bit error rate in slow, frequency selective
fading with sampled CIRFs and P, = 0.975.

Clearly there can be considerable difference between the irreducible DPSK de-
modulation error rate for sampled and continuous CIRFs depending on the value of
foT and the number of delay samples per channel bit period. For foT = 1.0 there is a
factor of about 4.5 difference in the error rates for the ND = 2 and continuous CIRF
cases, but this difference shrinks to a factor of about 1.5 for foT = 0.2.

Another feature of the curves is the discontinuities. The abrupt change in the ir-
reducible error rate from zero to a finite value as the number of delay samples changes
from 1 to 2 cannot be avoided. However, the discontinuities as N, varies from 2 to 3
to 4, for example, have the potential of producing discontinuous link performance re-
sults for weakly frequency selective fading channels.

The discontinuities are not caused by changes in N, per se, but rather are the re-
sult of the change in the total signal energy in the delay grid as that grid varies from
2At to 3Ar, for example. This suggests that increasing the minimum energy in the
grid from 0.975 to a larger value, say 0.999, can eliminate the discontinuities. This
suggestion is confirmed by the results in Figure C-7 where the irreducible DPSK error
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rate is plotted for the larger value of P,. These curves have a much smoother variation
as foT decreases than do the corresponding curves in Figure C-6.
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Figure C-7. DPSK irreducible channel bit error rate in slow, frequency selective
fading with sampled CIRFs and P, = 0.999.
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APPENDIX D

DEMODULATION ERROR RATE FOR DPSK AND BFSK

Both differential phase-shift keying (DPSK) and binary frequency shift keying
(BFSK) demodulation involve the comparison of two signal amplitudes. The purpose of
this appendix is to calculate the probability that the amplitude of one voltage is greater
than that of another where the two voltages are correlated, complex, zero-mean, and
normally distributed random variables with different variances.

For differentially coherent DPSK demodulation, the decision metric is
[Schwartz, Bennett, and Stein, 1966]

= I Z1 + Z01 - 4Z1 - Z0

where Z0 and Z1 are successive samples of the received signal voltage. If the trans-
mitted modulation is unchanged from the 0 to 1 symbol period then Z1 + Z0 should
have a larger amplitude than Z, - Z0, and a demodulation error occurs if r6 is nega-
tive. Conversely, if the transmitted modulation changes, then the amplitude of Z1 - Z0
should be larger than that of Z1 + Z0 , and a demodulation error occurs if th is positive.
For BFSK, two tone filters are formed in the receiver corresponding to each of the
two possible transmitted tones. The demodulation decision is formed by selecting the
filter with the largest output amplitude.

For either DPSK or BFSK, the demodulation error rate is given by the prob-
ability that the amplitude of one voltage is greater than that of another voltage. To cal-
culate this error rate for the case of Rayleigh fading, we need only to calculate the
probability that IWŽ -> IW2 1 where w, and w2 are two complex, zero-mean, normally
distributed random variables. A complication to this problem is introduced by the cor-
relation between the two voltages. For both DPSK and BFSK this correlation is non-
zero, and for the BFSK case this correlation is complex.

Consider w, and w2 in terms of their real and imaginary parts,

Wl = X1 + JYl
W2 = X2 + J Y2

Because they are normally distributed, the second order statistics of w1 and w2 are
completely determined by the mean values,
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(Xl ) :(x2 ) = (Yl ) = UY2) =0

variances,

2) = (Y2) = y)y2

and cross correlations,

(Xl Yi)=(x 2 Y2 )=0

(Xlx 2 )=(YlY2 )= 1PR O1 0 2

(xI Y2) = -(X 2 YI) = 12 PI ( 2

where PR and p, denote the real and imaginary parts, respectively, of the normalized
correlation coefficient. The first of these equations results because, for Rayleigh fading
the real and imaginary parts of w1 are uncorrelated as are the real and imaginary parts
w2 . The third equation reflects the fact that the two-frequency mutual coherence func-
tion is complex. Thus for BFSK modulation and frequency selective fading, the cross
correlation of the outputs of the two tone filters is also complex. With these definitions
it is easy to see that

(w; w2)-2

(W1 W2 ) = 0

(Ww2 ) =(Y (2 (PR +jiPI)

Thus the components of the complex voltages w = (x1 , YI, X2 , Y2) are jointly nor-

mal with the covariance matrix

S 2 0

21 0 GI -P10102 PR5la2
PR g(1Y2 -PI 71 ' 2  Y2 0

2 12
LPI (71 (Y2  PR091 Y2  0 G2
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so the joint probability density function of w is

1 exp[_ .gw.rl, wt]
f(xI'Y1,X2 ,Y2 ) "(27t) 41 1 2

To compute the error probability we need the joint probability density function
of the amplitudes of w1 and w2. Changing to polar coordinates,

a,= ýx 1 +y 0 e= tan~-'

a2 = X2 ++Y2 02 = tan-1' X

gives the following joint probability density function for the amplitudes and phases:

f(al,01'a2'0z)= 2c 2• 2•(l_p2 _p2)

2 & 2 (p 2  2 )

x al2[ +a2 22 + 2a1a2'gl' 2 [sin(0 1 -0 2 )PI _ cos(0 1 -02)pR]}
xex2 •2 2 ( -- P2(31 2 1- R --P,)

Integrating this expression over the range of the two phases (0 • 01 < 27r, 0•< 02 < 2nt)
gives the joint probability density function of the two amplitudes:

4ala2  22 2+Z• F 2pa° af(a,,a2 ) c202(1-p 2 ) exp a o (lu p2)jo 91a 2(lp)j

where I0(.) is the modified Bessel function, and

2 2

The DPSK or BFSK error rates are given by the probability that one amplitude
is greater than another, so we arbitrarily set this equal to the probability that a1 > a2 :

P(al > a2 ) = f da2 fda, f(ala 2 )
0 a2
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The a1 integral can be written in terms of Marcum's Q-function [Marcum, 1960]:

00

'o_]Q[ - a2 ,f2a 2 1
P(al >a 2)= f a2 exp - 1 2 L \12 l'da-p

0

where

00

Q(a,b)= fxexp[-½-2(a2 + x2)]Io(ax)dx
b

The remaining integral in the expression for P(a1 > a2 ) is given in Nuttall [1972].
Thus the probability that a, > a2 is

P1a 1_( 2 _ 1y214P(a > a2) = 2- 1(0202_420
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APPENDIX E

DIFFERENTIAL PHASE-SHIFT KEYING
WITH DIVERSITY COMBINING

A powerful mitigation technique for fading channels is having diversity in the
received channel bits. Such diversity is obtained by transmitting the same data through
independently fading channels, and a number of ways this can be achieved are de-
scribed in Bogusch [1989]. Time diversity is easily obtained, for example, using block
interleavers where the interleaver array is simply read out several times. Multiple
copies of each symbol, separated in time by an interval corresponding to the span of
the interleaver, are then transmitted over the channel. Spatial diversity can be obtained,
for example, by simultaneously sending the same data from multiple spatially separated
transmitters to the same receiver location or by receiving the data from the same
transmitter with multiple spatially separated antennas.

With either type of diversity, one can not simply sum the signal voltages from
independently fading channels because such coherent combining does not improve the
signal-to-noise ratio unless the carrier phase is tracked on each channel to a common
reference. When phase tracking is not feasible, or if phase ambiguities are not re-
solved, the information from the diversity channels must be non-coherently combined
(i.e., quantities related to signal energy must be combined).

Differential phase-shift keying (DPSK) demodulation decision metrics are non-
coherent quantities that can be combined to take advantage of diversity. For each chan-
nel, the DPSK decision metric can be written as [Schwartz, Bennett, and Stein, 1966]

th =E+ -E_

where

E+= T Z +Zk 2

4
E_ =• T k+1 - Zk 2

-4
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and where Zk is the signal plus noise voltage sample during the kth symbol period'. If
the transmitted phase of the k + 1st symbol is the same as that of the kth symbol, then in
slow fading or non-fading channels the phase of the signal components of Zk and Zk+1

will also be the same, the signal contributions will add in Zk+4 + Zk but will cancel in

Zk+1 - Zk, and th should be positive. A demodulation error then occurs when rh is
negative. Conversely, if the transmitted phase of the k + 1s" symbol is 1800 out of
phase with that of the kth symbol, then Zk+l - Zk should have a larger magnitude that
does Zk+l + Zk, and rý should be negative. In this case, a demodulation error occurs
when ti is positive'

If Nc copies of the decision metric are available, they can be added together to

form a combined metric:

1 Nc
M=-_rhi (E.1)

The idea here is that the channels with faded signals have small values of rK, which
contribute little to the sum, so primarily channels with strong signals determine the
value of Ah.

Although this is a simple combining algorithm, there are some very important

implementation details. Obviously, the kth symbol for each channel must correspond to
the same transmitted symbol. If spatial diversity is used, for example, then the decision
metrics from each channel must be aligned to account for possible differences in the

time-of-arrival between the channels. Also, in order for channels with weak signals to
have relatively small values of I rai1, all channels must have the same average noise
contribution to I tril1. This can be accomplished by using noise-based AGC circuits.

The leading factor of 1 / Nc in the combining equation is there to rescale the sum
back to the same dynamic range as the individual values. This is important if there is a
soft-decision decoder following the demodulation process. Otherwise, the scale factor
has no effect on the probability of demodulation errors, and it is ignored in subsequent
developments of the demodulation error rate with diversity combining.

This form of the DPSK metric is convenient for analytic calculations but it is not the form actually used

in hardware or in COMLNK. In a digital receiver, the DPSK decision metric is formulated as
k= l'Ik-l + QkQk-.
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Calculation of the DPSK demodulation error rate with diversity combining as de-
scribed in Equation (E.1) is not simple. To the authors' knowledge, it is not possible to

compute the probability density function of rh in closed form for an arbitrary number of
combined non-fading additive white Gaussian noise (AWGN) channels except for the
special case where all channels have exactly the same average signal-to-noise ratio. This

latter case was addressed by Bello and Nelin [1962b] more than 35 years ago. In this
appendix we present new results for DPSK decision metric diversity combining of two

and three non-fading or Rician fading channels with unequal signal-to-noise ratios. We
assume that the fading is slow and non-frequency selective.

E.1 STATISTICS OF SINGLE-CHANNEL DPSK DECISION METRIC.

The starting point for the calculation of the DPSK error rate with diversity com-

bining is determining the statistics (i.e., the probability density function of A) of the
single-channel DPSK decision metric for non-fading channels. This function is then
used to compute the error rate when two or three metrics are summed together. The re-
sulting expressions are averaged over fading distributions to obtain results valid in slow
fading.

We show in Appendix B that in non-frequency selective fading we can assume,
without loss of generality, that the phase of the transmitted signal is unchanged between

the kth and k + 1st channel bit periods when calculating the demodulation error rate.
Thus the signal voltage coherently adds in the expression for E÷ and cancels in the ex-

pression for E_ in the absence of propagation effects when we assume that the receiver

is ideally tracking the signal time-of-arrival and frequency. We also show in Appen-
dix B that the additive white Gaussian noise (AWGN) voltage contributions to E, and
E_ are uncorrelated and thus independent. The probability distributions for the ampli-
tude associated with E, and E_ are then Rician and Rayleigh, respectively. Thus the
probability density functions f+(E+) and f_(E_) of the signal plus noise energy and
the noise only energy, respectively, are

f+ (E+ )-= epNo/2 No/2 1°0 No/2 '

f(E-)= N!exp N[-2
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where I0 (.) is the modified Bessel function, No is the one-sided noise spectral density, T
is the channel bit period, which is also equal to the sample period of Zk, and r is the am-
plitude of the received signal. Both of these probability density functions are zero for
negative values of the argument.

The probability density function of the difference rh = E, - E_ is then given in
terms of the probability density functions of E, and E_ by the usual expression:

o0

ff(-hthxdxt>

f (ý) =M
0o

ff¢(x- h)f+(x)dx A •0
.0

Using integrals in Nuttall [1972] to evaluate these expressions, the probability density
function of rh reduces to I1 F2Jft-Eb 1

-1exp[ .h < 0
N No No (E.2)

- exp .2A b
N 0 0

2where ECb = r T is the channel bit energy, and Q(,-) is Marcum's Q-function [Marcum,
1960]:

CO

Q(a,b)= xexp[-L(x2 +a2)]o 0 (ax)dx
b

With our assumption that the transmitted modulation is unchanged between the
k'h and k + 1a channel bit periods, the DPSK channel bit or demodulation error rate is
equal to the probability that 7i is negative:

0 Ecbpe = ff(rh)dA lexp,__c

which is the familiar non-fading (AWGN) expression for a single channel.

In the developments below we need the cumulative distribution function of the
single-channel DPSK decision metric:
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F(6)= f f(x)dx

Using integrals given in Nuttall [1972], this distribution function is

-12exp Eb - 2rh. r] < 0

N0n- 2 No (E.3)No /

E 2 ob 4M 1 Ecb.-2rhI [ 2E[cb 8T ol
F I+-exp- Q-Im>

- 0  2 [ N2 No No N0

E.2 NON-FADING DPSK DEMODULATION ERROR RATE WITH
TWO-AND THREE-CHANNEL COMBINING.

When two DPSK decision metrics for exactly the same transmitted channel bit
are available, the metrics can be added together:

1ýn = rhl + rh2

Note that we have not renormalized the metrics because for our current purpose,
which is to compute the probability that rh is negative given that the transmitted
modulation is unchanged between the kth and k + 1St channel bit periods, the normali-
zation is irrelevant (i.e., the probability of demodulation error is independent of the
normalization factor as long as the normalization is positive).

To calculate the demodulation error rate we assume that the receiver is ideally
tracking signal time-of-arrival and frequency and that the AWGN of the two channels
is uncorrelated and has the same average power. The most restrictive of these assump-
tions is that the noise power is the same for both channels, especially when spatial di-
versity is used and the two metrics come from two different receivers. However, the
evaluation of the effects of different average noise powers is a problem for which
COMLNK is the ideal analysis tool. Our purpose here is to develop expressions for an
idealized case that can be used to validate the simulation and estimate the performance
gain afforded by diversity combining.

Given unchanged transmitted modulation between the two channel bit periods, a
formal expression for the probability of demodulation error is just
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0

Pe f f(A)drz,
-00

where now f(Ah) is the probability density function of the combined metric. The cal-

culation of f(A) is complicated and is also unnecessary because f(rh) can be written in
terms of the probability density functions of the two separate decision metrics. For un-
correlated AWGN the two decision metrics are also independent so the expression for
P, can be rewritten as

0 00

Pe= f dfdxf, ( -x)f 2(x),
-00 -00

where fA () and f 2(() are the probability density functions of the two individual deci-

sion metrics. Both of these functions are given by the expressions in Equation (E.2).
After some rearrangement the demodulation error rate reduces to

00

-00

where F1 (-) is the cumulative distribution function of the individual decision metrics.
The probability density function of the DPSK decision metric, derived in the previous

subsection, has a different functional form depending on the sign of the argument.
Thus to evaluate the expression for P, one more step is necessary:

0 00

P,= ff 2 ,- (rh)Fl,+(-A)dm + f+f2.+(t)F1,-(-rn)dr,
-00 0

where f2 ,+ (') and F1,( (.) and f 2,-(') and F1_ (-) are the probability density function and

cumulative distribution function, respectively, for positive and negative arguments, re-
spectively. The probability of error can now be evaluated directly from this last ex-
pression, again using integrals given in Nuttall [1972].

After considerable algebra, the non-fading, two-channel DPSK error rate is

P6 = -[4+ y1 +72] e-(YI+72) (Two Channels, Non-Fading) (E.4)

where y• and 72 are the values of the channel bit energy-to-noise spectral density ratio

(Eb /NO) for the two channels.
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When three DPSK decision metrics for exactly the same transmitted channel bit
are available, the combined metric is

frn-r 1 -tn 2 -In 3

Given that the transmitted modulation is unchanged between the kth and k + 1 st channel
bit periods, the probability of a channel bit error is the probability that Az is negative:

0 00 00

Pe= Jdx Jdyf 3(x-y) Jdzf 2 (y-z)f1 (z)
-00 -. 00 -00

where fl ('), f 2 ('), and f3 (') are the probability density functions of the individual met-
rics. Each of these functions is given by the expressions in Equation (E.2). Note that
the last integral in the expression for Pe is the probability density function of Aza + in2,
the last two integrals are the probability density function of Al + &2 + &3 , and the first
integral is the probability that &Ia + rh2 + A 3 is negative. After some manipulation the
error rate then becomes

00 00

Pe= fdx fl(x) Jdyf 2(y-x)F3(-Y)
-00 -00

where, again, F3 (.) is the cumulative distribution of a single-channel decision metric
given in Equation (E.3). Remembering that the probability density and cumulative dis-
tribution functions have different forms for positive and negative arguments, this ex-
pression expands to six terms:

Pe Pe, + Pe,2 + Pe,3 + Pe,4 + Pe,5 e+ P,6

where

0 x

P,1 = J dx fl,- (x) f dyf 2,- (Y-x) F3,+(-Y)

-0O -00

o o

Pe,2 f dx f,- (x)f dY f 2,+ (Y - x) F3,+ (-Y)
-00

0 00

Pe,3= JdxfA,_(x)Jdyf 2,+(y-x)F 3,-_(-y)
-00 0
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00 0

,~,4 = f dx f1, (x) f dyf2,- (Y - x)F,+()
0 -cc

e,5 = Jdx A,,(x)fdYf-y- x)F-(-Y)

0 0

d- fi•,+ (x) J dyf 2 + (Y - x)F3 _(-y)

0 X

Most of these terms are just plain tedious to compute, but with some persistence closed
form expressions can be obtained for all six. Two integrals are needed that are not in
Nuttall [1972], but can be derived from results therein. These are

0x3e- 2 Q(a, bx) dx b2 [(b2 + 2)(b2 + 4)++ a'b2] a2

o I - 2(b2 exp bP2+2

and

•x3Q(a, bx) dx - 21 + a +8a4

I~ b 4
0

The non-fading (AWGN) demodulation error rate when three uncorrelated DPSK
decisions metrics are combined is

P-L =[{(4+Y +7y2 +Y 3)(8+y, +2 +y3)+ e3-(YI+72+'),

(Three Channels, Non-Fading)

where y 1, Y 2, and 7 3 are the values of the channel bit energy-to-noise spectral density
ratio for the three DPSK metrics.

The non-fading (AWGN) DPSK demodulation error rates with one-, two-, or
three-channel combining of the decision metrics are plotted versus the single channel bit
energy-to-noise spectral density ratio per channel in Figure E- I. It is assumed that all
Nc channels have exactly the same value of Ecb / No.
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Figure E-I. Channel bit error rate versus single channel signal-to-noise ratio after
combining DPSK decision metrics from Nc non-fading channels.
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Note that we are plotting these curves versus the channel bit energy-to-noise
spectral density ratio of a single channel. When the power in each channel is equal, as
is the case here, the two-channel case has 3 dB more total power and the three-channel
case has 4.8 dB more power than the single-channel case. Thus, if the diversity is ob-
tained by repeating a user bit Nc times over the same channel and if the channel bit er-
ror rates are plotted versus user bit energy-to-noise spectral density ratio, where

Eub/No = NC(ECb/No)

then the two-channel curve must be shifted to the right by 3 dB and the three-channel
curve must be shifted right by 4.8 dB. There is therefore a small penalty for time-
diversity combining if the channel is not fading.

This penalty is the noncoherent combining loss that is illustrated in Figure E-2,
where we re-plot the combined DPSK demodulation error rate versus Eub/No. Here
the error rate increases as NC increases because diversity combining only provides a
gain when there is uncorrelated fading on each channel. When the channels are non-
fading, as they are here, or when the fading on the multiple channels is highly corre-
lated, one obtains a noncoherent combining loss.

E.3 SLOW FADING DPSK DEMODULATION ERROR RATE WITH
TWO- AND THREE-CHANNEL COMBINING.

Of course the full advantage of diversity combining is realized in Rayleigh fad-
ing channels when the fading is uncorrelated from one channel to the next. For two-
channel combining, we consider two cases. The first case is where there is uncorrelated
Rician fading on both channels, and the second case is where there is correlated
Rayleigh fading on the two channels. The first case illustrates how the advantage of
combining increases as the fading channel statistics vary from non-fading to Rician
fading to Rayleigh fading. The second case is interesting for either spatial or temporal
diversity. For example, with spatial diversity the two metrics might come from receiv-
ers separated by a distance insufficient to completely decorrelate the fading channels.
With temporal diversity, correlated fading occurs when the temporal separation of the
channel bit pairs from which the metrics are formed is not large compared to the
channel decorrelation time. The goal here is to illustrate how much correlation there
can be in the channels before the advantage of diversity combining is lost. Finally, we
compute the three-channel result for uncorrelated Rayleigh fading on all channels.
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E.3.1 Two-Channel Case With Uncorrelated Slow Rician Fading.

In this subsection we consider the case of uncorrelated, slow Rician fading. Be-
cause the underlying statistics of the channel are normal, uncorrelated Rician fading is
also independent. The average channel bit error rate is then given by averaging the
non-fading expression over the two Rician distributions for the two channels:

00 cc

(P)= fdS1fRl(Sl)fdS2 fR,2 (S 2 )Pe(Y1SI,, 2 S 2 )

o o

where fR,l () and fR,2 (') are the probability density functions of Rician fading for the
two channels. Both of these functions are given in Equation (2.2a) with So set to unity.

The quantity Pe(YaSI,'Y2S2) is the two-channel non-fading result for the two ECb /No
values equal to y1S1 and 'Y2 S2. In evaluating this expression we encounter the follow-

ing expectations over the Rician distribution:

(ey-S) (1= ))1 exp 7R

7(1-R) 2 +1 R 1
S e-7s)=-[7(1 R)+e] p y(1-R) + 1

The quantity R in these expectations is the "Rican index" which is defined in terms of
the scintillation index S4 of the channel:

R= 1-S2

The second expectation requires an integral that is not directly in Nuttall [1972] or, to
the authors' knowledge, any other readily available integral table. The integral is2

00-1 3 e 2 1+b2 exp b 2 (E.5)
0 ea 2a 4a) 4-a

The average two-channel bit error rate for uncorrelated Rician fading, in terms
of the two expectations, is

2 Nuttall [1972] gives a similar integral with x rather than x 3 in the integrand. This expression is ob-

tained by differentiating the Nuttall result with respect to a.
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K e ) SKe XS)KeY2S2)+yi'sie S )Ke-y2S2~+y(Y)se22

(Two Channels, Uncorrelated Rician Fading)

In the limit that both channels are non-fading, the Rician index of both is unity,
the Rician probability density function acts as the delta function 8(S - 1), both expecta-
tions are equal to e-7 , and the non-fading limit of this expression is identical to the
AWGN error rate in Equation (E.4).

When both channels are full Rayleigh fading the error rate reduces to

e) = 6,]72 +5( +72)+4 (E.6)

8(71 +1)2 (Y2 +1)2

(Two Channels, Uncorrelated Rayleigh Fading)

It is interesting to consider this expression when one channel has a very small signal-to-
noise ratio (say 72 = 0). The resulting error rate in the limit that the other signal-to-
noise ratio is large is

ýPe) =8271 (Y I >> 1, 2 =-0)

If only the strong signal channel is used to form the DPSK decision metric then this
limiting error rate is

(P,) = -1y1  ('YI >> 1, single channel)

Thus there is a small penalty for adding the contribution of a channel with a weak sig-
nal to the decision metric, as one would expect. Equivalently, there is a small benefit to
not using the contribution from channels with weak signals if that condition can be rec-
ognized a priori.

The two-channel, Rician fading demodulation error rate is plotted in Figure E-3
versus the average single channel bit energy-to-noise density ratio without propagation
effects. The values of ECb / No and S4 are assumed to be the same in both channels. For
comparison, the single-channel DPSK demodulation error rate curve is also plotted in
the figure. As is the case for single-channel demodulation, Rician fading curves for
2-channel demodulation essentially vary from the non-fading to full Rayleigh fading
curves as S4 varies from 0.25 to 0.75 or so.
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E.3.2 Two-Channel Case With Correlated Slow Rayleigh Fading.

Now we consider the effects of correlated Rayleigh fading on the two channels.
The noise in the two decision metrics is uncorrelated as before. The joint probability
density function of correlated Rayleigh fading powers S1 and S2 is

f S(SS2) = 1- xp2  SS1--P 2exp - 2 1-

where p is the correlation coefficient of the complex channel response function [Dana,
1995b]. The average error rate is then given by the double integral

00 00

(Pc)=fdS1 fdS 2 fp(SlS 2 )Pe(y'lS1 ', 2 S2 )
0 0

After considerable algebra this expression reduces to
(P)612(l-p2) + 5(y] +372)+4

8[7172(l +2 ]

(Two Channels, Correlated Rayleigh Fading)

In the limit of uncorrelated fading (p = 0) this expression reduces to that in Equa-
tion (E.6), as it should. The large signal-to-noise ratio limit of the uncorrelated
Rayleigh fading expression is

Pe) =341(71372)-l (p=O and y1 >>I, 72 >>1)

whereas in the limit of perfectly correlated fading (p = 1) and large values of the sig-
nal-to-noise ratio, the error rate is

(Pe)=-82(7 1± +Y2)-' (p= I and yl >> 1, 72 >> 1)

Clearly there can be a large error rate penalty for combining DPSK decision metrics
from correlated fading channels relative to that obtained using metrics from uncorre-
lated fading channels. Still, combining two metrics with perfectly correlated Rayleigh
fading but uncorrelated noise provides an approximate 5/8 reduction in the error rate
over the single-channel value, at the expense of 3 dB more total power. Thus, there is
still a noncoherent combining loss with correlated fading.
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The two-channel DPSK demodulation error rate with correlated Rayleigh fading
is plotted in Figure E-4 for several values of the channel correlation coefficient. Al-
though there is a large penalty for combining decision metrics from two correlated
fading channels, it is seen that the channels must be highly correlated to suffer the full
penalty. Indeed, correlation coefficients greater than 0.75 are necessary for any sig-
nificant degradation over the uncorrelated case.

Note, however, that there may be little advantage to diversity combining in
coded systems. Given a good code with sufficient interleaving, channel bit error rates

on the order of 0.1 can produce negligible decoded bit error rates. Figure E-4 shows
only a small gain with uncorrelated fading in such cases. The major advantage of di-
versity combining may arise from relaxed interleaver requirements resulting from a

shorter effective decorrelation time. This remains to be investigated.

E.3.3 Three-Channel Case With Uncorrelated Slow Rayleigh Fading.

In uncorrelated fading channels, the average three-channel combined error rate
is computed from the expression

(i)= 1(eYJS1 )Ke Y2S2 )Key 3S3 ) + -Lj~ Kes)KY2S2 )(eSý)(PI) 2 1½7 (e s ( -•"2>e•'&>+• ' l $e-Y';'s )(e-'s X(e-•s ) +

+ 7 2 (e-•YIs (S)2e-Y2s2 )(e-Y3S3 ) + y3 (e-YISI )(e-72S2 )(S3e-_7s3 )]

+_1['YiY 2(Siei'YISI )(S2e Y2S2 )(e -73S3) +yy(eYS)(Y2S2 )(7e3S3)+32 ,2 -s\e-•s>I + 7123ýSae-•"si )(e- )'2(S3e-•s'

+7273 Ke-'YSI )s 2 e-Y2s2 )(S3e•3s3)] + _L[y (S2eY'S s )Key2S )(eY3S3 ) +

+,y 2 Ke-S)($2Ke-2S2 )(e-Y3ý3 )+ y•y Ke-v )e-Y2S2 )(S2e-Y3s3 )j

This error rate can be evaluated for Rician fading using the following expectation:

(S2e-S) = 2[y(1 - R) 2 +I]2- e]p[R2 R 1
[y(1- R)1 5 + y (1- R) + 1

To calculate this expectation we have used the following integral derived by differenti-
ating the expression in Equation (E.5) with respect to a:

cx5e-ax-I0 (bx)dx=-1 1 l+--+ -ba exp ba

0a 2a ) 32 p L4a]
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Expressions for the lower-order moments are given in the previous subsection.

In the limit of Rayleigh fading on all three channels, the average demodulation
error rate reduces to

1
e 2(y, + 1)(72 + 1)(73 + 1)

+21717273 +13(7172 +37173 +37273)+6(71 +72 + 73)
32(71 +1)2(72 +1)2(73 +1)2

72(Y2 ±1)2(3 + 1)2 + 2(71 + 1)2(3 + 1)2 + 72 (71 +1)2(72 +1)2

32(71, + 1)3 (y2 + 1)3 (73 +013

(Three Channels, Uncorrelated Rayleigh Fading)

The channel bit error rate from one-, two-, and three-channel combining of the

DPSK decision metrics is plotted in Figure E-5 versus the single channel bit energy-
to-noise spectral density ratio Ecb /No, and in Figure E-6 versus the total user bit en-
ergy-to-noise spectral density ratio EUb /No. For comparison, the non-fading, single-
channel error rate curve is also plotted in the figures.

The advantage of diversity combining of uncorrelated channels is evident from
the error rate curves in Figure E-5 for the case where the multiple channels do not
dilute the value of Eb/No per channel. In this case, combining two Rayleigh-fading
decision metrics produces a demodulation error rate that is smaller than the single-
channel non-fading value for error rates above about ten percent, and combining three
Rayleigh-fading metrics results in a demodulation error rate that is smaller than the
non-fading, single-channel value for error rates above about one percent.

The advantage of diversity combining is not so evident when the total user bit
energy is divided among the channels, as illustrated in Figure E-6. In this case the
multiple channel bit error rate with Rayleigh fading is about the same as that for a sin-
gle channel with fading until the demodulation error rate is significantly below 10 per-
cent, and the three-channel error rate curve is not much different than the two-channel
curve until the demodulation error rate is well below one percent.

In either case, the advantage of diversity combining may be more evident in the
bit error rate at the output of a decoder under slow fading conditions as the diversity
combining helps to randomize the decoder input errors.
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APPENDIX F

DEMODULATION PERFORMANCE OF NON-COHERENT M-ary

FREQUENCY SHIFT KEYING IN FAST FADING

A functional block diagram of a non-coherent M-ary frequency shift keying
(FSK) receiver is shown in Figure F-i. In such a receiver there are separate filters for
each of the M possible transmitted tones. For non-coherent demodulation considered
here, the filter with the largest output amplitude is selected to represent the transmitted
tone. With suppressed-carrier tracking, the output of the selected filter is used in the
automatic gain control (AGC), delay lock ioop (DLL), and automatic frequency con-
trol (AFC) tracking loops. Thus the output of the demodulator is fed into the tracking
loops in this block diagram. This is only one of several possible design configurations.
Other implementations employ unmodulated sync symbols for tracking.

The block diagram is for a frequency hopped (FH) link. In this appendix we as-
sume that the tracking loops are operating perfectly. That is, the receiver timing is
aligned with the channel symbols, and the residual frequency error is small so any
phase variation of the signal during a symbol is caused by the channel and the fre-
quency offset between the tone and the carrier. With this assumption, frequency hop-
ping and DLL performance only have an impact on the calculation of demodulation
performance in frequency selective fading channels, which is discussed in Appendix G.

For orthogonal signaling, ideal time and frequency tracking, and slow or non-
fading channels, the signal is completely canceled in all filters except the one corre-
sponding to the transmitted tone. However, for fast fading the signal is not completely
canceled in any of the M-ary filters because of the channel-imposed phase distortion.
When this occurs, the output signal voltages of all of the filters are correlated, and it is
not practical to calculate closed-form expressions for the demodulation error rate for
general M-ary signaling. The one exception to this procedure is binary FSK (BFSK)
modulation for which we can calculate an exact expression for the error rate. As sug-
gested by Rutherfiord [1978]', we compute the mean power out of each filter, and cal-
culate the demodulation error rate ignoring the correlation of the filter outputs. We
will show that this procedure provides an upper limit to the demodulation error rate.

Rutherford [1978] computed fast fading M-ary performance for channels with Gaussian Doppler
spectra and assumed that the cross correlation coefficients are zero.
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Some general results for FSK modulation are given in the first subsection of this
appendix. Then the non-fading and slow fading M-ary FSK demodulation error rates
are derived in Section F.2. BFSK demodulation error rates for fast, flat Rayleigh fad-
ing are developed in Section F.3 and are extended to the M-ary case in Section F.4. Be-
cause both COMLNK and modem digital receivers form the tone filters using discrete
Fourier transforms (DFTs)2, in section F.5 we investigate the effect of time sampling
on the M-ary FSK error rate.

F.1 GENERAL FSK RESULTS.

In an M-ary FSK communications link, the transmitted signal during the kth
modulation period is

m(t) = Xexp[j(nk7CAf)t]I[-- k]

where Af is the tone spacing and T is the symbol period (i.e., the duration of a trans-
mitted tone). The transmitted tone is determined by the value of nk: nk = ± 1 for

BFSK, nk = ±1, ±3 for QFSK, nk = ±1, ±3 +5, +7 for 8-ary FSK, and so on. The
rectangular function H (.) is defined as

i(X) = {10 if IxI<-<-
0 otherwise

Note that the exponential term in the expression for m(t) represents a frequency offset
in the transmitted signal, so the carrier frequency per se is never transmitted (unless
sync symbol tracking is employed).

The received signal is the convolution of the channel impulse response function
and the transmitted modulation:

Cou(t)=rfm(t-tr)h(t,tr)dtc
0

2 This is one implementation option. COMLNK also provides the option of multiple filters centered at the

modulation offset frequencies of each of the M possible symbols. This configuration is well suited to
large tone spacings and enables use of independent-tone signaling.
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where r is the mean received signal amplitude. This signal is then processed in tone
filters to determine which tone was transmitted. The output voltage of the ith filter
during the kth symbol period is

1 (k+112)T
Zik = - f [u(t)+ n(t)]exp[-j(iitAf)t]dt

There is one such filter for each of the possible nk transmitted tones. The signal is de-
modulated by selecting filter with the largest output amplitude3 .

The complex voltage n(t) is additive white Gaussian noise (AWGN) with the

usual properties:

(n(t)) = 0

(n(t) n(t')) = 0

Kn(t)n* (t')) = No 8(t-t')

where No is the one-sided noise spectral density, and 8 (-) is the Dirac delta function.
The second equation results because the real and imaginary parts of AWGN are uncor-
related. The noise contribution to the ith tone filter output voltage is then

= (Ic+112)T

Ni,k = T (.ln(t)exp[-j(iitAf)t]dt
(k-I/2)T

Because n (t) is a complex, normally distributed random process with zero mean, Ni,k
is similarly distributed. To complete the description of the tone filter output noise, we
need the variance and cross correlation of Ni,k. The noise cross correlation is

I (k+1l2)T (k+1/2)T

C, = (vNi,k Nk)= f dte-J(iýf)t dt'eJ(i'f)t(n(t)n*(t'))
(k-I / 2)T (k-1 / 2)T

s This is true only for hard-decision demodulation, which is what is treated in this analysis. Coded sys-
tems often employ soft-decision demodulation, wherein the outputs of all M filters are used in subse-
quent processing.
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AWGN is delta-correlated, so this expression reduces to

iNN sin[½-L7(i-ii')AfT] {N 0/T ifi'=i
" - T 7 - i')Af T 0 otherwise

for orthogonal signaling (i.e., AfT = positive integer and i - i' = even integer so the
argument of the sine function is an integer x nt).

F.2 M-ary FSK IN NON-FADING AND SLOW FADING CHANNELS.

In a non-fading (AWGN) channel, the channel impulse response function imparts
a simple phase rotation on the signal:

h(t,,r) = ej° 8 (rc),

where the delta function indicates that the signal arrives with zero delay relative to its
nominal time-of-arrival, and the phase 0 varies slowly during the symbol period T as-
suming adequate frequency tracking in the receiver. The output voltages of the tone
filters are then

Zik -rejo (k+l/2)T

-T exp[jitAf(nk-i)t]dt + Nik
(k-1/2)T

The M-ary FSK demodulation error rate in AWGN is then given by the prob-
ability that any of the filters that do not correspond to the transmitted tone have a
larger output amplitude than that of the "correct filter". This problem reduces to com-
puting the probability that any one of M -1 uncorrelated, complex, zero mean, nor-
mally distributed random variables has a larger amplitude than another uncorrelated,
normally distributed random variable with a non-zero mean. To compute this prob-
ability, we need the variances and cross correlation coefficients of the output voltages
for the M tone filters.

Assuming that the receiver noise is uncorrelated with both the transmitted
modulation and the channel fluctuations (if any), the cross correlation coefficients of
the tone filter outputs are separable into signal and noise contributions:

Cii = (Zi,k Zi*,k ) = CS&, + ei,
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where C!,, is given above. Without loss of generality, we assume that the ith filter cor-

responds to the transmitted tone (i.e., i = nk), and i' represents any filter. The signal
contribution to the cross correlation coefficient is then

rC 2 (k+]/2)T (k+1d2)T -jr:(n,-i')Aft' r 2 sin[½7tAf T(nk-/')]

i = (k-11T (k-112)T n iAf r(nk-

In the limit that i' = nk, this expression reduces to r 2 which is the signal energy out of

the filter corresponding to the transmitted tone. The signal contribution to the output

energy of the other filters is identically zero when the signaling is orthogonal:

Af T = an integer > 0
- i'= aneve intger (orthogonal signaling)nk - i' = an even integer

where the dimensionless quantity Af T is the normalized tone spacing.

The non-fading M-ary FSK demodulation error rate is now easy to compute.
The output voltage of the ith filter corresponding to the transmitted tone (in develop-
ments below we often refer to this as the "correct filter") is

Zi,k = rejo + Ni,,

and the output voltages of the M - 1 "other filters" are

Zi,,k = Ni,,k I

where Zrk and Zi',, (i' # i") are uncorrelated and thus are independent, normally
distributed random variables. The voltage Zi,k from the correct filter is a complex,
zero mean random process plus a complex constant, so its signal plus noise (S + N)
amplitude a1 = Zik has a Rician probability density function:

f )F2a, exp 2 r2 F 2raul

fs+N(a)-NNo/rT No/TJ °LNO/j

where I0 (.) is the modified Bessel function. The voltages from the other M- 1 tone
filters are complex, zero mean random variables, so their amplitudes a, = ZikI, com-
prised only of noise, have Rayleigh probability density functions:

fN(a)= 2a exp (1=2,.--,M)

N0 I/T L-NIT]
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where fN () denotes the probability density function of the amplitude of any one of the
noise-only filters. In a moment we need the cumulative distribution of any one of the
noise-only amplitudes. This Rayleigh distribution has the familiar form

a a 21T

FN(a) = fN(a')da' = l- exp No
0 L0

It is easier to compute the probability that the correct filter is selected first and
then subtract this probability from one to get the error rate. This is the probability that
the maximum of the M - 1 noise-only amplitudes is less than that of the correct tone
filter with signal plus noise. The probability of selecting the correct tone filter is

00 a1

PC= fdalfs+N(al)fdaOfN,max(aO)
0 0

where fN,max (.) is the probability density function of the largest of the M - 1 noise-
only amplitudes. The second integral (over a0 ) is just the cumulative distribution of the
maximum noise-only amplitude which is

FNmax(a) = [FN(a)]M-1

The probability of correct demodulation is then

00

P= f fs+N(a)[1-exp(-a2T /No)] da
0

This remaining integral is performed by expanding the term in square brackets in a bi-
nomial series:

[lex]M_1 = M-1 (Mk- l)(_I()k e-k
k=O

With this expansion, the probability of choosing the correct filter is

M-1 (_-)k+l1 -- exp ( k k r2 Tl
PC=l- I ke1p 

k
k=lk+1 -,+l-o
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The second term on the right-hand-side of this equation is the probability that the filter
with the largest amplitude does not correspond to the transmitted tone. This probability
is equal to the M-ary symbol error rate.

For each transmitted symbol there are log 2 M channel bits. The average number
of channel bits in error given a symbol error4 is 2 M/(M - 1). Thus the channel bit er-
ror rate P, is related to M-ary symbol error rate by [Viterbi, 1966]

M12(I-PC) (F.1)M1

In deriving this expression, it is assumed that every incorrect filter is equally likely to
be chosen when a demodulation error occurs. This is the case here because the average
noise energy out of each incorrect filter is the same. This is not the case in fast fading,
however, where signal energy from the correct tone filter is spread preferentially into
adjacent incorrect filters. Thus the expression in Equation (F.1) does not hold in gen-
eral.

One more adjustment is necessary to transform from M-ary symbols to channel
bits. The quantity r2 T/No is the symbol energy-to-noise spectral density ratio. This is
related to the channel bit energy-to-noise spectral density ratio (Ecb /NO) by the num-
ber of channel bits per symbol (i.e., log 2 M):

Ecb 1 r2 T
NO log2 M No

With these transformations from symbols to channel bits, the M-ary FSK channel bit
error rate for AWGN channels reduces to

M M
Pe= X(-1) (M/2)(M-2)! exp (k-)0 2 MEb (M-ary FSK, AWGN)

k=2 kf(M- k)! I k No J

4 This ratio is derived as follows. For any transmitted symbol, there are M - 1 equally likely symbol er-
rors in non-fading or slow fading channels. In each of the log 2 M bit positions there are exactly M/2
bits in error, when averaged over the ensemble of M - 1 symbol errors, so the number of bit errors is
(M/2) log 2 M. The total number of bits contained in the M - 1 symbols is (M - 1) log 2 M. The ratio
is obtained by dividing the number of bit errors by the total number of bits.
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For BFSK (M = 2) this expression reduces further to the familiar form

Pe = -Iexp -[ 20 ] (BFSK, AWGN)
2 L2N0 ]

This formula is similar to that for DPSK demodulation except that 3 dB more
signal power is needed with BFSK to achieve the same error rate. So why would one
ever chose FSK modulation over DPSK modulation? One reason is that M-ary FSK
demodulation in non-fading channels becomes more efficient as M increases (i.e., a
lower value of Ecb I No is required for a given bit error rate). This is shown in Figure
F-2 where the channel bit error rate is plotted for a few values of M (2, 4, 8, 16, and
32). The relative improvement decreases with increasing M, and there is about one dB
advantage in 16-ary FSK relative to 8-ary FSK in AWGN. Also, 8-ary FSK is about
one dB better than DPSK in AWGN. Thus 8-ary and 16-ary FSK have become the
standard modulation techniques for some systems.

It will be seen that M-ary FSK demodulation performance degrades in fading
channels as does the performance of all signalling techniques. First, for slow fading
where the channel decorrelation time is much longer than the symbol period, the aver-
age demodulation error rate is given by averaging the AWGN expression over the
fading distribution:

00

(Pe) fP,(,yS)f(S)dS
0

where y is the channel bit energy-to-noise spectral density ratio in the absence of fad-
ing. The probability density function of Rician fading f(S) is given in Equation (2.2a),
and the resulting average M-ary channel bit error rate is

M 1M e2)!x1 Yk R
(P,) =(-) (Mk!)(M-k)! l+ -k( R)exp l+Yk(l-R)j (Rician Fading)

k=2

where R is the "Rician index" defined in Equation (2.2b), and

Yk = - 109 EcbY'k=- log 2 M-
k No

The 8-ary FSK demodulation performance in slow Rician fading is plotted in Figure
F-3 for several values of the scintillation index S4 . There curves are nearly identical to
those for DPSK modulation performance in Rician fading plotted in Figure B.5, and
comments made about that figure apply here.
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Figure F-3. 8-ary FSK demodulation error rate for slow Rician fading channels.
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The real advantage of M-ary FSK over DPSK is seen in fast or frequency selec-
tive fading channels. The AWGN and slow fading demodulation error rates given
above do not explicitly depend on two important properties of a transmitted FSK wave-
form: tone spacing and frequency hopping. The first of these provides a powerful
mitigation technique for fast fading and the second for frequency selective fading.
Neither is applicable to a DPSK waveform5 , and the two together allow much more
robust performance of FSK in severe fading channels than is possible with DPSK.

BFSK demodulation performance in fast fading is discussed in Section F.3 and is
extended to M-ary FSK in Sections F.4 and F.5. BFSK performance in frequency se-
lective fading is analyzed in Appendices G and H.

F.3 BFSK IN FAST FADING CHANNELS.

In a fast, flat fading channel, the channel impulse response function can be writ-
ten as h(t, t) = h(t) 5 (T), where the Delta function indicates that all of the signal arrives
with zero delay relative to its nominal time-of-arrival, and h(t) is referred to as the
channel response function. For Rayleigh fading, h(t) is a zero mean, normally distrib-
uted random variable.

Under the assumptions of perfect time and frequency tracking, the outputs of the
two BFSK tone filters are

r (k+l / 2)T

Zi,k = - f exp[jitAf(nk -i)t]h(t)dt + Ni,k
--(k-1 /2)T

where r is the mean received signal amplitude. The BFSK demodulation error rate is
then given by the probability that the filter corresponding to the transmitted tone has a
smaller output amplitude than does the other filter.

For Rayleigh fading, this is just the probability that the variance of one complex,
normally distributed random variable is smaller than that of another. The complication
here is that these two variables are correlated, as we show in the developments below.

5 One can frequency hop DPSK waveforms, but the hop rate must be slow compared to the modulation
rate so there are multiple DPSK symbols per hop. Frequency hopping provides a signficant advantage
to FSK demodulation in frequency selective fading channels because there can be just one symbol per
hop.
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The signal contribution to the output of the correct filter (i = nk) is

r(k+l / 2)T

S1 = T h(t)dt , (F.2)
(k-1/2)T

and the signal contribution to the output of the other filter (i # nk) is
S(k+1/2)T

So = -(k- 2) eiJ(2"f)th(t)dt (F. 3)
(k-1 / 2)T

The variance of S is

.2 (k+l/2)T (k+l/2)T

KS, sýI j-,:- fJdt f dt'Kh(t)h*(t'))T(k-12)T (k-112)7

For the stationary channels considered in this report, the autocorrelation of the channel
response function is

(h(t) h* (t')) = p(t-t')

and the expression for the variance of S, collapses to a single integral:

I
(SS*) = 2r 2 f p(Tn)(1- )d =- r 2 R

0

Similarly, the variance of So is

r2 (k+112)T (k+112)T

(SoS -T 2 f dt Jdt' (h(t)h (t'))exp[±2njAf(t-t')]
(k-1/2)T (k-112)T

which, for stationary channels, reduces to

1(SOSO*)= 2r2f p(Tn)(1-_ )cos((oMý)dg = r 2R2,

0

where wM = 2ntAf T. The cross correlation coefficient of So and S1 is

r2 (k+112)T (k+1/2)T(S1S so*) fdt fdt'(h(t)h*(t'))exp(T+2njAft")
(k-112)T (k-1/2)T
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After some manipulation this reduces to

KS1 S) --r 2 2( 1 )AfT 1

=I SO* fp(Tn)sin (coM) d = r2R3('0M 0

With the inclusion of AWGN, the variance of the output voltage of the filter
corresponding to the transmitted tone (a, ), the variance of the output of the other fil-
ter (,ag), and the cross correlation coefficient (C) are

2 2U5 = r2 [R +y-]

o = r2 [R2 +'-1] , (F.4)

C=rZ2 R3

where y is the channel bit energy-to-noise spectral density ratio (ECb / NO). The cross
correlation term goes as r2 R3 rather than r2 (R3 + y-1]) because the noise out of the
two filters is uncorrelated.

The BFSK demodulation error rate in fast, flat Rayleigh fading is then the prob-
ability that the output amplitude of the filter corresponding to the transmitted tone is
less than that of the other filter. This probability is derived in Appendix D in terms of
the variances and cross correlation coefficient. Writing this probability in terms of the
R integrals defined above gives the following result:

(P') I -( R, - R2 - (BFSK, Fast Rayleigh Fading)IP• =L.-(Rj + R2 + 2,y-1 )2 3R

Unfortunately, the R integrals cannot be written in closed form for the Gaussian
Doppler frequency spectrum, but such closed form expressions are possible for the
other spectra in given Chapter 2. Because the f-4 spectrum is the DSWA standard for
flat fading [Wittwer, 1980], we give the R integrals for this case:
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RI = 2- -[2T 4 - 3 + (T4 + 3)e-T4]

_ _{ - + + +[04 T 4 + 1)]e-T4}

=- 2(-1•- 3T4 + -[(T + 3T2 + [T4 + 1)3eT4-4 (.'

where coM = 2ixfT, T'4 = ox4 T/to, and cX4 (c• = 2.146193...) is a numerical constant
defined in Section 2.1.

In the limit that the fading is slow (T << "to), R1 = 1, R2 =R3 =0, and the BFSK
demodulation error rate reduces to the familiar slow Rayleigh fading expression:

(PR) = (2 + )- (BFSK, Slow Rayleigh Fading) .

BFSK channel bit error rate curves for several values of the ratio t:0 /ITS and
for an f-4 Doppler frequency spectrum are plotted in Figure F-4 for minimum tone
spacing (AfT =1) and in Figure F-5 for three times the minimum tone spacing
(AfT = 3). As is the case for DPSK demodulation, the BFSK curves exhibit an irre-
ducible error rate which depends on the value of % /TCb and the Doppler frequency
spectrum. Unlike DPSK, the irreducible error rate can be lowered by a means other
than increasing the channel bit rate (i. e., increasing te /TCh by decreasing spb), namely

by increasing the tone spacing. For example, the irreducible error rate for To0 /Tb = 1
is about 0.07 for the minimum tone spacing but drops to 0.005 when the tone spacing is
increased to Af T = 3.

To summarize these results, the fast fading BFSK irreducible error rate ((Pe)
with -1 --> -) is shown in Figure F-6 versus the normalized decorrelation time 'To / Tcb
for three tone spacings (AfT = 1, 3, and 10) and for an f--4 Doppler frequency spec-
trum. Obviously, the irreducible error rate decreases as the tone spacing increases. The
fading causes a Doppler frequency spread in the received signal, and some of the signal
energy is spread from the correct filter to the other filter. The further the tones are
separated in frequency, the less signal energy can be spread into the wrong filter.
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Figure F-4. BFSK demodulation error rate for minimum tone spacing in fast

Rayleigh fading channels.
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Figure F-6. Irreducible BFSK demodulation error rate for three tone spacings in
fast Rayleigh fading channels.

An equivalent view of the Doppler frequency spread is obtained by considering
the tone filter equations. In the correct filter [Eqn. (F.2)], the presence of the channel
response function in the integrand reduces the signal energy at the output of the filter,
primarily because of the random phase fluctuations contained in h(t) prevent the signal
vector from summing coherently during the integration period. In the other filter,

there is a residual phase rotation that in the absence of fading has the effect of wrap-
ping the signal vector around a circle Af T times. Thus for orthogonal signaling and no
fading, the output of the other filter has no signal contribution because the signal vec-
tor is wrapped around to "bite its tail" during the integration period. With random
phase perturbations caused by fading, the head does not end up exactly at the tail, and a
signal contribution to the filter output results. Thus the fading causes a reduction in the
signal energy out of the correct filter and an increase in the signal energy out of the
other filter.

The effect of increasing the tone spacing is to decrease the effective integration
period to Tcb / (AFT) because there are Af T complete phase rotations during the chan-
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nel bit period. Thus, to first order, the effect of increasing tone spacing is to simply
shift the Af T = 1 irreducible error rate curve to the left by a factor of Af T.

Of course this does not explain the odd change in the shape of the curves as Af T
increases. This change is caused by the signal energy out of the other filter, as illus-
trated in Figure F-7 where the filter output signal energy is plotted versus co / Tb. Ob-
viously the signal energy out of the filter corresponding to the transmitted tone does
not depend on the tone spacing, but the signal energy out of the other filter is very sen-
sitive to this parameter. It is the behavior of the output signal energy of the other filter
that causes the odd shape of the irreducible error rate curves.

Before leaving BFSK performance in fast fading there is one other point that we
want to make. In principle this analysis can be extended to M-ary FSK demodulation.
In fact we already have almost everything we need with the exception of the cross cor-
relation of the outputs of filters that do not correspond to the transmitted tone. But it is
these cross correlation terms that are the problem.

100 -- F-T F --- -- r-l l ll H l~ T -T

1002
0C

Cl)

10-3

Fast Rayleigh Fading:
L. 10-4 Doppler Spectrum

Filter With Signal
................Filter Without Signal

1- ., 10 .,

102 101 100 101 10,

Normalized Decorrelation TimeT/ý

Figure F-7. BFSK filter output signal energy in fast Rayleigh fading channels.
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F.4 M-ARY FSK IN CONTINUOUS FAST FADING CHANNELS.

In Rayleigh fading the outputs of all the M-ary filters are zero-mean, normally
distributed random variables with non-zero correlation coefficients. Hence the calcula-
tion of the probability that one filter output amplitude is less than the maximum am-

plitude of all the other filters requires the calculation of the joint probability density
function of M correlated Rayleigh amplitudes. This function must then be integrated
over an M-dimensional space defined by a1 > max (a2 , a3 ,. ., am). With the exception
of the M = 2 case, for which an exact expression for the error rate is calculated in Ap-

pendix D, this may not be a tractable mathematical problem.

To estimate the fast fading M-ary FSK demodulation error rate we first assume
Rayleigh fading so that the output signal plus noise voltages of all M filters are com-
plex, zero mean, normally distributed random variables. We then compute the mean
signal plus noise energy at the output of the filters and calculate the demodulation error
rate with the approximation that the cross correlation between the filter outputs is neg-
ligible. To estimate the effect of this approximation, we compute the magnitude of a
few cross correlation coefficients. We find that while the correlation between the cor-
rect filter and the other filters is indeed small, the correlation between the outputs of
incorrect filters can be large and ignoring these terms does affect the calculated error
rate. In this section we consider analog filters with continuous Fourier transforms. In
Section F.5 we consider filters implemented with discrete Fourier transforms.

With this approximation, the M-ary FSK demodulation error rate problem re-
duces to finding the probability that the maximum amplitude of M- 1 uncorrelated,
zero mean, normally distributed random variables is less than that of another zero
mean, normally distributed random variable. As was the case for M-ary demodulation
in non-fading channels, it is easier to compute the probability that the correct filter has
the largest amplitude. This probability is

00

P, f fs(a)Fo(a)da
0

where fs(M) is the probability density function of the amplitude of the correct filter,
and Fo(.) is the cumulative distribution of the amplitude of the other filters (i.e., it is
the probability that the largest amplitude of the other filters is less than the argument).
For uncorrelated and hence independent filter outputs, Fo(.) reduces to the product of
the cumulative distributions of the M - 1 filter output amplitudes:
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M
Fo(a) = -- Fij (a)

i=1
i•1

where F/ (-) is the cumulative distribution of output amplitude of the ith filter given
that the Ith filter is the correct one. This notation is necessary because the signal energy
out of one of the other filters depends on how far away in frequency that filter is from
the correct one.

We have already calculated the variance of the output voltages of the M filters,
although a slight generalization is needed. These results are given in Equation (F.4).
The required generalization is that the R2 integral becomes

I

R2 (k)= 2fp(Tn)(l- )cos(kcoM4)dý , (F.6)
0

where k is the distance of the other filter from the correct filter [ k = (i - 1) / 2 where i
and 1 are odd integers]. The formula for R2 (k) for an f-4 Doppler spectrum is given
by the R2 expression in Equation (F.5) with co m replaced by k coM. The R1 integral,
defined in Equation (F.4) for the output energy of the correct tone, remains the same.
To simplify the notation, we rewrite the filter output variances as follows:

go = r 2 [R1 +y-']

9k = r 2 [R2 (k)+'y-
1]

where we note thatR 2 (0) = R1 so P0 = gk=O0

These equations define the diagonal elements of the filter covariance matrix. The
off-diagonal elements are given by the filter cross correlation coefficient. Assuming
that the no tone is transmitted, the cross correlation coefficient of the filter output sig-
nal contributions is

cýi• =--(SIS;*),

where

T/2

Si = r fh(t)exp[-jrcAf(no -i)t]dt
TT/2
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We have already shown that the cross correlation of the noise is zero for orthogonal
signaling. After some manipulation the cross correlation of the signal output reduces to

r's 8r 2 1

S- f(i) - i')!p(T¢)sin[¼c oM(i- i')(1 - Q)]cost{0om[no - ½L(i + i')]}dý

- r 2R4 (no,i,i')

In the limit that i" = i this expression reduces further to

CSi = r2 R2 (i)

which is equal to the expression above for Nk (k = i) except that when i' = i the noise
variance is r2 /y rather than zero.

For an f-4 Doppler frequency spectrum, the R4 function is given by the rather
complicated expression

{8(-1)Af (i-i') (no -i')[12T 42 +• 0 ,2(n0 -i') 2 ] (n, - i)[12T42 +c(o' (nn ]j)2]
T4i +) 02o - j) 2 + Ci2 [)2 2

(no - i')[4T4? + 12T42 +(1+ T4 )2(no -i,)2]e-r

[4T2 +0)2 (n, _ i,)2]2

(no - i)[4T43 +[12T42 4(02 (no -_i)2]T4 ] }

Later we will evaluate this expression to assess the impact of neglecting the cross cor-
relation coefficients in the error rate calculation.

The arithmetic of the M-ary FSK error rate problem is made easier by consid-
ering the probability distributions of the output energy (rather than the amplitude) be-
cause the energy has an exponential distribution when the amplitude is Rayleigh dis-
tributed. Thus the probability density function of the correct filter output energy is

fs(x)= exp ---

g L
and the cumulative distribution function of the output energy of the k1h other filter is
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Fok W 1 exp[-

Now we are in a position to estimate the M-ary FSK fast fading demodulation
error rate taking into account the mean output energy of each filter as a function of its
distance from the correct filter.

As an example, the filters for an 8-ary FSK receiver are shown schematically in
Figure F-8 where the horizontal line segments represent the 8 filters spaced evenly in
frequency. The vertical arrows represent transmitted tones, and under each line seg-
ment is the corresponding value of k, the distance of the filter from the transmitted
tone. There are only four cases, because the fifth case with the transmitted tone in the
fifth position from the left is mathematically identical to case 4, the sixth case is
mathematically identical to case 3, and so forth.

For case 1 the probability that the energy out of the correct filter is larger than
that out of any of the other filters is

00 7
P=, fs(x)-IIFo,k(x)dx (Case 1)

0 k=1

Case ±
k= 0 1 2 3 4 5 6 7

2 -t
k= -1 0 1 2 3 4 5 6

3 - - t 1 2 3 4 -
k= -2 -1 0 1 2 3 4 5

k= -3 -2 -1 0 1 2 3 4

Figure F-8. 8-ary FSK tone filters.
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For case 2 there are two filters with a distance of ± 1 from the transmitted tone, but
one can see from Equation (F.6) that the output filter energy depends only on 1k.
Thus for case 2 the probability that the correct filter has the maximum energy is

0' 6

P, = Jfs(x)Fo,I(x) 171Fo,k (x)dx . (Case 2)
0 k=1

Similarly, the probabilities of correct decision for cases 3 and 4 are

00 2 5

PC=Jfs(x)A-IFo,k(x)I'IFok,(x)dx (Case 3)
0 k=1 k=1

00 3 4

P, = .fs(x)IHFO,k(x)Wl-FO,k(x)dx (Case 4)
0 k=1 k=1

In general, the probability that the correct filter has the largest output energy is

2 M/2-1 1 M-1-1
P -= I fS(x)IJIFo.k(x) HIFo,k(x)dx

M 1-0 0 k=J k=1

assuming that the transmitted tone is uniformly distributed in the M possible positions.
(The leading factor of 2 / M in this equation is there because there are M / 2 cases and
each case is equally likely.) Subtracting this probability from unity gives the M-ary
character error rate.

In fast fading the relationship between symbol error rate and the channel bit er-
ror rate is not given by the simple expression in Equation (F.1). In deriving that ex-
pression, it is assumed that when a demodulation error is made all incorrect tone filters
are equally likely to be selected. This is only the case when all incorrect filters have
equal output amplitudes on the average. When the channel bit error rate is less than 50
percent in fast fading, demodulation errors are most likely to be made by choosing a
filter adjacent to the correct filter because these adjacent filters have the largest aver-
age output of all the incorrect filters. This changes the average number of channel bit
errors per demodulation symbol error.

In the limit that only adjacent filters are chosen, we can compute the ratio of the
channel bit error rate to the symbol error rate. For each of the M - 2 interior filters,
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there are two adjacent filters that can cause errors with equal probability. For the two
end filters, there is only one adjacent filter that causes errors. Thus over the ensemble
of M transmitted symbols, there are 2 + 2(M - 2) = 2M - 2 equally likely symbol er-
rors. The average number of channel bit errors per symbol error is found by counting
the number of bit errors for each possibilty and dividing by the total number of bits. It
can be seen that the total number of bit errors, averaged over the ensemble of 2M,- 2
symbol errors, is given by6

log2 M

21og 2 M+41og 2 (M/2)+ 81og2(M/4)+ "'+M = 0 2 k log2 (21-kM)
k=l

The total number of bits contained in the 2M - 2 symbols is 2(M - 1) log 2 M. Thus
when only adjacent symbol errors are likely, we obtain the following relationship be-
tween channel bit error rate P, and symbol error rate 1- P1:

log 2 M

X 2k-110g 2 (21kM)

(M- 1) log2 M (1 )

A few examples illustrate the difference between the AWGN formula,
1M/(M-1), and the expression given above for PI/(l-JP). For 8-ary FSK, the
AWGN formula predicts this ratio to be Y7 or 0.57, whereas assuming adjacent filters
cause all demodulation errors results in a value of U/2 or 0.52. This difference is even
larger for 16-ary FSK where the AWGN formula predicts a ratio of Y15 or 0.53,
whereas the adjacent filter assumption results in a ratio of 1330 or 0.43. Of course the
ratio is 1 for BFSK, and one can show that it is Y3 for QFSK in either case. Thus for
M > 4, use of the AWGN formula relating channel bit error rate to demodulation er-
ror rate will provide an upper bound to the channel bit error rate. To get around this
analytic problem when comparing COMLNK results with theory, we will use de-
modulated symbol error rates rather than channel bit error rates for the 8-ary and
16-ary FSK cases.

For Rayleigh fading, all of the terms in the expression for correctly demodulat-
ing the M-ary FSK signal are of the form

6 There are 2 cases where all log 2 M bits are in error, there are 4 cases where log 2 (M/2) bits are in er-

ror, there are 8 cases where log 2 (M/4) bits are in error, and so on. Finally, there are M cases where
there is only 1 bit in error.

F-25



oo M-I

PM(VM) f e-x/vO ]-I(1-e-x/vk )dx (F..7)
0 k=]

where VM = {Vo, Vl,'", VM-l1. Dr. Scott Frasier of Mission Research Corporation
[Frasier, 1996] pointed out that this integral can be written in terms of two similar in-
tegrals:

00 M-1 00o I V +/ ') M 1X V d
PM AM) = je-x/v() (I - e-x/vk )dx - fe-x(1/v) Mv)1( - e-x/v

0 k=2 0 k=2
SVoV1

=PMI(vo, V2, "', VM1) -PM-I Vo+vi VV

where

P2 (VO, VI) V0
V0 + V1

Thus the integral in Equation (F.7) can be evaluated by recursion. The probability of
selecting the correct tone filter is now evaluated as

2 2 M/2-1
Pc'- PM(V0, VI,'",VM-1)+'"; PM(Vo,V1,''",VI-i,VO,'"-,Vm-,-I),

1MM 1=1

where Vk =9k / go and v0 = 1.

Before proceeding with M-ary FSK error rate results, we need to explore the
effect of our approximation that the filter outputs are uncorrelated. Assuming a tone
spacing of Af T = 3, the filter output energy and cross correlation coefficients are
plotted in Figures F-9 and F-10, respectively, versus decorrelation time normalized by
the symbol period, to /T. The output signal energy is plotted in the first of these fig-
ures for the correct filter (i = no), the two filters adjacent to the correct filter
(i = no ± 2), and the next four filters closest to the correct one (i = no ± 4 and
i = no ± 6). As expected, the adjacent filter has the largest average signal energy of all
the other filters, and the average signal energy decreases as the distance Ino - il from
the correct filter increases. When tO/T is less than 10-2 or so, the signal Doppler
spread is so large that signal energy is spread almost uniformly, and all filters have
about the same mean signal energy.

F-26



100

Z 10.2

o n,±4

10- M-ary FSK n6 "
A~fT=3", ,

Fast Rayleigh Fading

f-4 Doppler Spectrum
10.4 1 1 ,1 , .. ... 'Il ...... I I 'I'l I ~fl

10.3 10.2 10"1 100 101

Normalized Decorrelation Time, o/ IT

Figure F-9. FSK filter output signal energy in fast Rayleigh fading channels.
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Figure F-10. FSK filter cross correlation coefficient in fast Rayleigh fading channels.
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The cross correlation coefficient, plotted in Figure F-10, is given by

p(n0 , i, i') - R4 (no, i, i')
nR 2 (nO -i)R2(no -i')

where R2 (no - i) is the output energy of the it' filter (normalized to r 2 ) given that the
no tone is transmitted. We include the absolute value in this expression so that we can
plot the correlation coefficient on a logarithmic scale. It is obvious in the plots of
p(no, i, i') where R4 changes sign. The correlation between the correct filter output

signal and that of the four closest filters, p(no, no, no ± 2) and p(no, no, no ± 4), is al-
ways small, peaking at a value less than Yj0, so the other filter outputs are essentially
uncorrelated with the correct filter output. The problem is that the correlation between
two adjacent other filters, p(no,no ± 2,n 0 ± 4) for example, is large for T 0o/T > Y1o.

When we neglect the correlation, we are essentially increasing the probability
that one of those filters will have an output amplitude larger than that of the correct
filter. Thus our theoretical results for M > 2 are an upper bound on the M-ary FSK
demodulation error rate. For ro0/T < 110, the cross correlation coefficient is small, and
our upper bound should be close to the true demodulation error rate. For tI0 /T > 10,
the mean energy of the other filters is very small compared to that of the correct filter,
and again our upper bound should be close to the true value. It is for decorrelation
times in the critical range Y1•0 tco/T • 10 where we will see the largest variation be-
tween our approximate theoretical results and measured error rates from COMLNK or
actual hardware.

To illustrate the effects of fast Rayleigh fading on high-order frequency shift
keying, we present calculated channel bit error rate results for 8-ary FSK. Keep in
mind that these analytic results are upper bounds on true performance because the
analysis ignores the effects of correlation between filters and also ignores the change in
the relationship between symbol and bit error rates due to Doppler spreading.

The channel bit error rate for 8-ary FSK in fast Rayleigh fading is plotted in
Figure F- 11 for minimum tone spacing (Af T = 1) and in Figure F- 12 for three times
minimum tone spacing (AfT = 3). An f- 4 Doppler frequency spectrum is used for
these results. The fast fading curves are plotted for three values of the ratio of the
channel decorrelation time to the channel bit period, where Tcb is related to the symbol
period T by the expression Tob = T/log 2 M.
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Each tone in 8-ary FSK, for example, represents 3 channel bits, so the channel
bit period is one-third of the symbol period. The use of the ratio o / TCb (rather than a
ratio involving the symbol period T) and the channel bit energy-to-noise spectral den-
sity ratio Ecb / No (rather than the symbol energy) allows a direct comparison of these
fast fading curves to those presented earlier in this appendix for BFSK or in Appendix
B for DPSK. All curves are for an equivalent channel bit rate.

The shift to the right in the 0o / Tb = 1 curve in Figure F-12 is caused by the loss
in signal energy at the output of the correct filter due to channel phase fluctuations.
This loss is 3.2 dB for to / Tb = 1 and the f-4 Doppler frequency spectrum. The irre-
ducible error rate is caused by the presence of a signal component in the outputs of the
other seven filters. By comparing curves in Figure F-11 with those in Figure F-12, one
can see a significant reduction in the irreducible error rate as the tone spacing is in-
creased.

A comparison of these results to those for BFSK shows what initially may be a
surprising result: 8-ary FSK has a higher irreducible error rate for a fixed tone spac-
ing and value of to / TCb than does BFSK. For a constant channel bit rate, 8-ary FSK
uses tones that are three times longer than used for BFSK and thus are three times
closer in frequency for minimum tone spacing. Hence for a given decorrelation time,
more signal energy is spread into adjacent filters with 8-ary FSK than with BFSK, and
a higher irreducible error rate results.

This result is summarized in Figure F-13 where we plot the irreducible error
rate for BFSK and 8-ary FSK for three values of the tone spacing. The BFSK results
are the same as plotted in Figure F-6. By comparing the demodulation error rates of
8-ary FSK with AfT = 3 to that of BFSK with AfT = 1 we are comparing modulation
formats with exactly the same frequency separation between the tones (Af is the same
in absolute units). For a fixed value of Af, 8-ary FSK does have a lower irreducible
demodulation error rate than does BFSK. The penalty in this case is that the 8-ary FSK
waveform has a bandwidth that is about 2.6 times larger than that of BFSK.

F.5 M-ARY FSK IN SAMPLED FAST FADING CHANNELS.

Modem digital FSK receivers form tone filters by first sampling the signal and
then performing discrete Fourier transforms (DFTs). This introduces an effect that is
not in the previous analysis for the continuous case. This is the loss that results because
the signal is sampled before the frequency shift nkAf is removed.
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Figure F-13. Irreducible BFSK and 8-ary FSK demodulation error rates in fast
Rayleigh fading channels.

Another motivation for this analysis is to investigate whether a portion of the
Doppler frequency spectrum might be cut off in COMLNK because the simulation up-
dates the channel at a rate slower than the demodulator A/D sample rate in most cases.
The default channel update rate in COMLNK is 40 It 0 , which is based on the DSWA
specification for time sampled channels [Wittwer, 1980; Dana, 1988]. This rate may be
modified slightly in COMLNK so that the A/D sample rate is an integer multiple of the
channel update rate (i.e., so there are an integral number of A/D samples per channel
update period).

While a channel update rate of 4 0/to is adequate to reproduce the temporal sta-
tistics of fades, we want to ensure that it is also adequate to represent the effect of
Doppler spreading in FSK filters. The results below show that this channel update rate
is indeed adequate as the irreducible error rate agrees closely with the results from the
previous subsection for the continuous case.

To simplify this analysis slightly, we make two assumptions that limit the channel
update period in our analysis: The number of A/D samples within the channel update
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period and the number of channel updates within a modulation period are required to
be integers. To do this we increase the number of channel updates per decorrelation
time, starting at 40.

In the analysis, the channel update rate is limited to not exceed the A/D sampling
rate. More rapid channel sampling would account for channel decorrelation within a
single A/D sample. On the other extreme, the minimum channel update rate considered
here is the FSK symbol rate. Less rapid channel sampling corresponds to slow fading
with no appreciable Doppler spread.

The signal contribution to the kh A/D sample that is used in the DFTs is

(k+l)At

Sk f m(t)h(t)dt (-NT/ 2 <k<NT/2-1)
A kAt

where m(-) is the transmitted tone and h(.) is the channel response. For fast, flat fading
we only need to consider a single transmitted tone, so

m(t) =ej,,,oAf t i(t /T),

where noAf is the tone frequency. To actually evaluate the expression for Sk in a
simulation, it is assumed that the integral is separable into the product of two terms:

1 (k+1)At 1 (k+l)AtSk = r- fm(t)dt•-- fh(t)dt
At kMt At 1dt

The mean power of the first integral is less than unity because the received signal has a
residual frequency of noAf (assuming ideal frequency tracking) after downconversion
to baseband. Thus there is a residual phase rotation of the signal during the sample pe-
riod At. The second integral represents the effect of channel decorrelation during the
signal sample period. Before proceeding with the FSK error rate, we need to investi-
gate the statistics of these two terms.

F.5.1 Sampling Loss.

The first term in the expression for the A/D samples is denoted S(kAt) where
1(k+l)At

fm(t) dt
At kAt
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After substituting the expression for the transmitted tone, the sampled signal is

sin[¼n~ocM / NT]

S(kAt) = exp[½jno(ioM(k +½/ NT] [¼nloM/NT]
[ noo~M/ NT1I

where coM = 2rAf T and the k + - term in the exponential just shifts the time refer-
ence to the center of the samples. The mean power of S(kAt), which is less than unity,
gives the sampling loss assuming that the no tone was transmitted. Assuming all tones
are equally like to be transmitted, the average sampling loss is

2 M12 sin 2 [¼(2i-1)oM /NT]L s = -• 4 ¼ ( i -] -7 N r -

M( [2i -l 1oA,/NT]

recognizing that the sampling loss is the same for ±n0 . A table of sampling loss values
for the minimum tone spacing (AfT = 1) is given by Bogusch [1989] for a few values
of M and NT. The loss depends only on the ratio Af TINT, so the sampling loss for
other than the minimum tone spacing can be found from the table for some cases.

The average sampling loss is only meaningful for non-fading or slow fading
channels where the demodulation error rate is independent of exactly which tone is
transmitted. In fast fading, however, the demodulation error rate does depend on the
transmitted tone, and the sampling loss per tone is applied for each transmitted tone.

F.5.2 Statistics of "Supersampled" Channels.

The second term in the expression for the A/D samples is denoted h(kAt) where

)I (k+l)At

h(kAt) =--t fh(t)dt
kAi

When the decorrelation time is so small that it is necessary to perform multiple channel

updates per A/D sample period, the channel in COMLNK is referred to as "supersam-
pled." The purpose of this subsection is to calculate the statistics of the supersampled
channel.

Because the channel response function h(t) for Rayleigh fading is a complex,
zero-mean, normally distributed random process, the supersampled channel response
h(kAt) is similarly distributed, but with different second-order statistics. The auto-
correlation function of h(kAt), denoted Cc, is
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( (k+l)At (1+1)At

Cj~k1)A]=(f~k~~h*(At)= fdt fJdt'Kh(t)h*(t'))At kAt IAt

After some manipulation, this reduces to

I

C,(KAt) = f{p[(ý-K)At]+p[(+ ÷K)At]}(1- ý)d,
0

where K = k - 1 and p(.) is the temporal autocorrelation function of the channel re-
sponse function. The supersampled autocorrelation evaluated at zero offset,

I

C,(O) = 2fp(ýAt)(1- -)dý

0

is the reduction in the signal energy within an A/D sample due to the decorrelation of
the channel within that sample. An expression for C, (0), valid for a channel with an
f-4 Doppler frequency spectrum, is given by the R1 term in Equation (F.5), where for
this case T4 = a 4T/NT TOQ.

F.5.3 M-ary FSK Channel Bit Error Rate.

Calculation of the M-ary FSK channel bit error rate for time-sampled signals is
essentially identical to the calculation for continuous signals. The only difference is in
the formulas for the output signal energy of the filters. Once these values have been
computed the error rate calculation is the same as outlined in Section F.4.

The signal contribution to the output of the nth DFT filter, given that the no tone
was transmitted, is

N,/ 2 -1

SD (n, no) = -- I S(kAt)ki(kAt)exp[-jrcn(k +i)Af At]
NT k=-N.l2 2

There are M1 A/D samples per channel update and M2 channel updates per modulation
period (so M1M2 = NT). After accounting for the difference in the A/D sample rate
and the channel update rate, the signal contribution to the DFT output is

~j(no - n~co 11M-
SD(n, no) = r• L(no)exp - I) T fd[(-NT/2+ lM1)At]D(Inon)

LF T NT 1=0
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where

sin' 211n0O• M / NT ]LS(no) 4 N

[*nocoIm / NT]

is the sampling loss when the no tone is transmitted, and

-NT1 2 +(I+I)M,-1 Fj(n0 - n)03Mk
D(l,no,n) = L 2exI

k=- Nr12+lM, h 2 N,

is the sum of the residual phase rotations within a DFT tone filter during the M2 peri-

ods when the channel response function is constant.

The signal contribution to output energy of the DFT tone filters is

E(no,n) = KSD(no,n)S* (no,n))

2 M2 -1M42 -1= r, LS(no) , 1 C,[(1-I)MlAt]D(l, no,n)D* (I',no,n)
NT 1=0 I'=O

After some manipulation, the contribution of the "D" terms to the double sum is

D(l, no,n)D*(l,no,n)=S1(no,n)S, (no,n) (- 1) fTex 2NT

where

M, -1 K(no -n)(o mk
S (no,'n)== 0 I exp 2 NT

A closed form expression for this sum is

I -ex [Ljno- n)COMMl / NT
2 {1-exp[½(n°-n)TM1/NT] if (no - n)AfT rNT # even integers(no, n)=1-' [I_ • no - )o / N]

[M, otherwise

Using these relationships, the mean signal energy at the output of the nth tone

filter, given that the n0 # n tone is transmitted, is
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Msi2 [1¼(no - n)co.MM / N]E(no,n) = r2 Ls(no) M2 sin• 2 41* (no -n--oMM / NT]

N,2sin [-*(no-nl>oM1INT]
rM M-1

x{Cc (0) + 2 Cc (kMlAt) (1-kI/M2) cos[(no-n)COMM~kINT}

and the mean signal energy at the output of the correct tone filter (n = no) is

E(no)= r2LS(no )N 2 Cc (0)+2 2 C,(kM]At)(1-k/M 2 )

As we mentioned above, the difference between the M-ary FSK channel bit error
rate in fast fading with continuous channel response functions and Fourier transforms
and that obtained with A/D sampling and DFTs is small when the signal sampling rate
is sufficient to unambiguously resolve the tone filters. To demonstrate this, we show in
Figure F-14 the irreducible 8-ary FSK channel bit error rate as a function of the ratio
"to / Tcb for three values of the tone spacing. The solid and dashed lines in the figure are
for the continuous case and the symbols indicate the error rate for the sampled case.

10° E ...... I. ... I .. ... I I i 11111

..

SzAfT=3
S10-2 N i rý N= 126. "

'k
Af .T = 1

N0, N28 32 \ '

Ca 10 8-ary FSK Modulation" "

Fast Rayleigh Fading:

Hf Doppler Spectrum

10-2 10-l 100 101 102

Normalized Decorrelation Time, •o/TCb

Figure F-14. 8-ary FSK channel bit error rate in fast Rayleigh fading channels for
continuous and time-sampled cases.
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The number of DFT points for each tone spacing is indicated in the figure, and the
channel is sampled at least 40 times per to.

Clearly the results for the sampled case reproduce those for the continuous case.
The only significant difference between the two cases is in the sampling loss (the con-
tinuous case has no sampling loss). The irreducible error rate is independent of that
loss because it just reduces the signal amplitude of the A/D samples.

F-38



APPENDIX G

DEMODULATION PERFORMANCE OF BINARY FREQUENCY SHIFT-

KEYING IN FREQUENCY SELECTIVE FADING WITH HOPPING

A functional block diagram of a frequency hopped, non-coherent binary fre-
quency-shift keying (BFSK) receiver is shown in Figure G- 1. There are two filters for
either of the possible transmitted tones. For non-coherent hard-decision demodulation,
the filter with the largest output amplitude is selected to represent the transmitted tone.
With suppressed-carrier tracking, the output of the selected filter is used in the auto-
matic gain control (AGC), delay lock loop (DLL), and automatic frequency control
(AFC) tracking loops. Thus the demodulator output is fed back into the tracking loop
measurements in this block diagram. This is only one of several possible design con-
figurations. Other implementations employ unmodulated sync symbols for tracking,
for example.

There are two fundamental characteristics of frequency selective fading that
complicate the analysis of the FSK demodulation error rate. As pointed out in Section 2
of this report, the two-frequency mutual coherence function varies inversely with fre-
quency difference. As a consequence, the correlation between the signal components at
the filter outputs is not small as is sometimes the case for fast fading, and one is left
with the problem of dealing with M mutually correlated random variables to compute
the error rate. A further complication is that the two-frequency mutual coherence
function is complex, so the cross correlation of the tone filter outputs is also complex.
This effectively doubles the calculations necessary to compute the correlation coeffi-
cients. Thus analytic results are practical only in the case of BFSK modulation. As we
will show, the BFSK case is sufficiently tedious mathematically that there is little in-
centive to attempt to develop analytic results for higher-order FSK signaling, although
such results could, in principle, be obtained. Furthermore, the BFSK case is sufficient
to achieve our goal of COMLNK validation. COMLNK, of course, readily handles
much more complicated cases involving M-ary modulation and non-linear carrier
tracking loop operation.

Frequency hopping provides two key advantages to an FSK communications link.
The primary advantage of hopping is protection from jamming, whether hostile or in-
advertent. A side benefit, if the hopping rate is equal to or larger than the modulation
symbol rate, is protection from intersymbol interference in frequency selective fading
channels.
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In this appendix we will only consider the case where the hopping rate is equal to
the symbol rate. If the hopping rate is faster than the symbol rate, then signal energy
from multiple hops per symbol must be non-coherently combined. This would add con-
siderable complexity to the analysis', although it is readily handled by COMLNK. If
the hopping rate is slower than the symbol rate, then signal energy from previous sym-
bols within a hop can interfere with the on-time symbol, and we consider the limiting
case (no hopping) in Appendix H.

In Section G. 1 of this appendix we give some general results for the BFSK signal
with hopping and noise at the output of the tone filters for both continuous and sampled
channel impulse response functions (CIRFs). In Section G.2 we investigate the per-
formance of delay tracking in slow, frequency selective fading. Here we compute the
ideal delay offset for both continuous and sampled CIRFs. The BFSK demodulation er-
ror rate with a fixed delay offset is then computed in Section G.3 for slow, frequency
selective fading. Our results show that BFSK demodulation performance in frequency
selective fading is very sensitive to the delay offset. Thus to compare simulation results
with these theoretical developments we must turn the DLL in COMLNK off, and
simulate demodulation performance at fixed values of the delay offset. In Section G.4
we calculate the BFSK error rate in fast, frequency selective fading assuming zero de-
lay offset. Finally, in Section G.5 we discuss the effects of channel delay sampling on
the BFSK demodulation error rate.

Even ignoring delay tracking, the BFSK demodulation error rate result for gen-
eral time and frequency selective fading is extraordinarily tedious to calculate analyti-
cally and is only possible because of modem symbolic mathematics computer programs
such as Mathematica® [Wolfram, 1996] used by the first-named author. To our
knowledge these are new results that have not appeared elsewhere in the literature.
Note that the tedious computation presented here is only associated with the theoretical
analysis. The COMLNK digital simulation algorithms are quite straightforward.

G.1 GENERAL RESULTS FOR FSK WITH HOPPING.

In a binary FSK communications link, the transmitted signal during the kth sym-
bol period is

Bogusch [1989] discusses 8-ary FSK non-coherent combining loss in AWGN and slow Rayleigh fad-
ing channels.
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m(t) = Xe~~l'nkAf)' HLLt - k]

where Af is the tone spacing and T is the modulation period (or channel bit period for
BFSK). The transmitted tone is determined by the value of nk, where nk = ±1 for
BFSK. The rectangular function H- (-) is defined as

F(x) = 21 fx<

0  otherwise

Here m(t) represents a frequency offset in the transmitted signal, so the carrier fre-
quency per se is never transmitted (unless sync symbol tracking is employed).

The received signal is the convolution of the channel impulse response function
and the transmitted modulation. For a continuous CIRF the received signal is

oc

u(t)=rfnm(t-t")h(t,'c)dt,
0

where r is the mean received signal amplitude. In slow fading developments later in

this appendix, the CIRF does not vary during the modulation period, so h(t, t) is re-
placed by h(tr) in this equation in this case. In either a simulation such as COMLNK or
in a hardware channel simulator, the CIRF must be sampled in delay and time. The
sampled CIRF version of the convolution equation is

N,-1
u(t) = r Y, m(t - iAt) h(t, iAt) At

i=0

where A-t is the delay sample size, and N, is the number of delay samples. In later de-
velopments we use hi (t) as a shorthand notation for h(t, iAt) At.

The received signal is processed in filters to determine which tone was transmit-

ted. The output voltage of the mth filter (m = +1) during the kth symbol period is

1 (k+1/2)T+•D

Zmk =: [u(t)+n(t)]e-i('Af)tdt , (G.1)
(k-1/2)T+tD
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where CD is the delay offset. The ideal value of 'CD is non-zero in frequency selective
fading. The signal is demodulated by selecting the filter with the largest output ampli-
tude2 .

When the signal is hopped so each symbol is transmitted at a different carrier
frequency, signal energy from symbols other than the "on-time" symbol is severely at-
tenuated by the receiver downconverter and band-pass filters. Ideally only energy from
a single transmitted symbol is received during any sample period. Letting k = 0 repre-
sent the on-time symbol, the signal contribution to the filter output voltages
[Eqation (G.1)] is

-j~nn,1),1 T/2+TD n .- AfI t r

Sm = rdte-J(no T f)f- dth(t,tr)e (n-n)AftI-[t-t]
0 ~-T12+'CD

for a continuous CIRF and is

NT-1 j~n7t~f iAT T/2+TDt - A

S = r I e-j(nff)iAt f dthi(t)eej7(no-m)Af t 1I t]
i=0 T

-T/2+'rD

for a sampled CIRF.

The complex voltage n(t) is additive white Gaussian noise (AWGN) with the
usual properties:

(n(t)) = 0

(n(t)n(t')) = 0 , (G.2)
(n(t) n* (t')) = NO 5 (t - t')

where No is the one-sided noise spectral density, and 5 (.) is the Dirac delta function.
The second equation results because the real and imaginary parts of AWGN are uncor-
related. The noise contribution to the filter output voltage is then

2 Hard-decision demodulation is assumed here. In coded systems, soft-decision demodulation may be

used, wherein all filter outputs are provided for subsequent processing.
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1 (k+1/2)T+±D

Nmk - T n(t) e-j(mrt~f)t dt
(k-1 / 2)T+'rD

Because n(t) is a complex, normally distributed random process with zero mean, Nm,k
is similarly distributed. Thus to complete the description of the filter output noise, we
need the variance and cross correlation of Nmk. The cross correlation is

(k+1 2)T+rDo (k+/ 2) T+'TD

Cm,=(NkN,,)=.__N f dte eJ(nk _m)Af t' f dt" e-jnt(nA,-m')Af t' (n (t) n* (t'))
M~'=(,kN'k T2(k-1 /2)T+'[D (k-11/2)T+ErD

Because the noise n(t) is delta-correlated, this expression reduces to

CN N0  (I sin[r(m -m")Af T] N0 6  (3CmNm _N -) exp [j~r(m - m') Af (kT +EZD)] Sin[ 12m ')fT -•• (G. 3)

mlm n½(m-m')AfT T

for orthogonal signaling (i.e., Af T= positive integer) where mm,' is the Kronecker
delta-symbol:

M''= {1 if m = 1

0 otherwise

G.2 IDEAL DELAY OFFSET.

In a frequency hopped FSK receiver, time tracking is done by generating early
and late voltage samples at each hop position. The DLL then attempts to equalize the
energy of these two samples. During the k th symbol period, the early and late voltages

at the output of the m tone filter are given by integrating the received voltage over
the first and second halves of the tone period, respectively:

I kT+ 'CD
ZE = T f[u(t) + n(t)]exp[-j(mntAf)t]dt

(k-1 / 2)T+rtD

1 (k+1/2)T+TD

ZL = • f[u(t) + n(t)]exp[-j(mrnAf)t]dt
kT+trn

The filter output voltage used for demodulation is just ZE + ZL. With one hop per
symbol, we only need to consider these voltages for a single symbol, and the k = 0
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symbol is a particularly convenient one. Now early and late sample energy can be
evaluated for continuous and sampled channel impulse response functions.

Continuous CIRF: For this case the signal contributions to the early and late sample
voltages from the filter corresponding to the transmitted tone are

SE =rf dle-j(n°nAf)c f dt h(t, t) H[to T

""-+T/2

SL =rJdreJ(no Tf_1 fdth(t,,t)FI-i ]

tCD

We assume for this calculation that the fading is slow compared to the modulation pe-
riod (,ro / T >> 1), so the channel impulse response function is invariant over the period
of the two time integrals. With this assumption the CIRF can be pulled out of the time
integrals to give:

00

SE rh(tr)e~j(nO~cf)T- .. 2(t D) + I] dt
0

0

S=r~ h(r)e~j(nOlAf)t (..2(r -CD) - ] cit

0

where h(tr) is the time-invariant channel impulse response function, and the trapezoid
function E(.) is defined as

if xI<l
E.(x) = X -xif 1 < x<3

otherwise

Similarly, the on-time signal voltage in slow fading, given by the integral of the re-
ceived voltage over the entire symbol period T, is
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00

So = rf h(,t)e~j(nOnAf)¶ A I tD T] d't

0

where A is the triangle function:

A(X) = ToX[ if x[-<1
otherwise

The average signal energy of the early, on-time, and late samples in frequency
selective fading is obtained by making the usual assumptions that the CIRF is a zero-
mean, complex normally distributed random process that is wide-sense stationary in
frequency and thus has the following first and second order moments:

(h(t)) = (h(t)h(t')) = 0

where G(,u) is the power impulse response function defined in Equation (2.8). We note
that a phase-rotated CIRF such as

h(t)e-j(noAf)t

that appears in the equations for the signal voltages has exactly the same statistical

properties as h(T), so the phase term multiplying h(tr) can be ignored. With these sta-
tistical properties for the continuous CIRF, the average signal energy reduces to

00
(EE>= ~ 2FS) (:E 2(,r - TD) 1 '
(EE)= (S 4 3 4 1_T 2 1d

0

(Eo) = (SoSo = r2 {G~r)A2[ "tD d (Continuous CIRF) . (6.5)

0

(EL)=KSLSL = 6{G(t)=2 2('t-TD) 1]d
ýEL ~ 4 L4f (T-I T 2-1d

0

These integrals can be done in closed form using the exponential form for the power
impulse response function. The reader is spared the details.
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Sampled CIRF: For a discrete (tapped delay line) channel impulse response function
the expression for the early voltage becomes

=ru -j' , ,[2(iAxT-
SE=- I• hi e-Jn•fi'-TD +1

2 i=LT

Similar expressions hold for the on-time and late voltages. Equations similar to (G.4)
hold for the sampled channel impulse response function:

(hi) = (hi hi,) = O

(h i,ý= Pi5i

where an expression for the mean power in each delay sample, Pi, is given in Equa-
tion (2.14). The integrals in Equations (G.5) are then replaced by a summation over
discrete delays for the sampled CIRF case:

r 2 Nr-1 22iTT)1

(EE) = L_ ID).- ]4 i=0T 2

(Eo)= r2 I iA2 [AT'D] (Sampled CIRF)
i=O I T

r( 2 N-I p =2 1 2 'TD)4 i=0 T 2-"

A delay lock loop attempts to adjust the receiver timing relative to the incoming
signal until the average signal energy in the early sample is equal to that of the late
sample. Thus we compute the ideal delay offset by solving the equation (EE) = (EL)
for "tD. To see how this works in practice, it is useful to plot the early, on-time, and
late energy for a few cases. In Figure G-2 we plot these quantities for the case where
the frequency selective bandwidth is one-tenth of the symbol rate (f0 T = 0.1) and the
CIRF is continuous. The crossover point of the curves for the early and late energy
gives the ideal delay offset, which for this case is trD / T = 0.49 where 'CD = 0 is the
ideal offset for non-fading or flat fading channels. This is almost the same delay offset
where the on-time energy is maximum'.

3 Solving the equation (EE) = (EL) is not the same as maximizing (Eo).
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0 .3 I I I I I

Channel Model:
lT=0.1

Continuous CIRF

On-Time
Q 0.2 Sample

Late
l Sample

Q) 0.1
Early

Sample

............. ..................

0.0

-1 0 1 2 3 4 5 6

Normalized Delay Offset, To/T

Figure G-2. Early, on-time, and late sample energy versus delay for a continuous
CIRF.

When the CIRF is sampled in the delay domain, the early and late energy curves
versus delay are not as well behaved, as illustrated in Figures G-3 and G-4 for CIRFs
with two and four delay samples per symbol period, respectively. Again these curves
are plotted for a normalized frequency selective bandwidth of one-tenth, and the early
and late energy curves for a continuous CIRF are plotted also for comparison.

A local maximum occurs whenever the delay samples of the CIRF are aligned
with the receiver's integration period. This is most pronounced in Figure G-3 where
the early and late energy curves have local maxima for delays which are integer multi-
ples of T/2. The crossover point of the sampled CIRF early and late energy curves is at
tD / T = 0.31, about one-fifth of a symbol period earlier than the crossover point for a
continuous CIRF. The sampled CIRF curves for four samples per symbol period in
Figure G-4 are somewhat better behaved, but clearly show a shift of the entire energy
curve to earlier delays relative to the continuous CIRF curves. Thus the ideal delay off-
set also shifts to a smaller value.
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0.14 I

Sampled Channel Model:

0.12 CIRF (NAl 2) f, T= O. 1

Late

Sample
" Q' Continuous

0U " CIRF
008--

0.04 -

0.02 Early
Sample

0.00

-1 0 1 2 3

Normalized Delay Offset, 0o/T

Figure G-3. Early and late sample energy versus delay for a sampled CIRF with two

samples per symbol period.

0.14 1 1 1 1 ' 1
Sampled Channel Model:

0.12 - CIRF(No=4) f, T=0".1

Late

0.10 -Sample
• Continuous

0.08

Q) 0.06 - . : " "

0.04 - "'

0.02 Early
Sample

0.00

-1 0 1 2 3

Normalized Delay Offset, r,/T

Figure G-4. Early and late sample energy versus delay for a sampled CIRF with
four samples per symbol period.
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The ideal delay offset versus the normalized frequency selective bandwidth f0 T
is plotted in Figure G-5 for continuous CIRFs and sampled CIRFs with ND = 2, 4, 8,
and 32 delay samples per symbol period. It is seen that a large number of delay sam-
ples per symbol is required to achieve close agreement between the sampled and con-
tinuous CIRF ideal delay offsets. However, this difference is of little practical signifi-
cance for delay offsets less than one-tenth of a symbol period, and for 'rD / T _Ž 0.1
there are diminishing returns when more than four samples per symbol period are
used. Thus we conclude that four channel samples per symbol period is probably suffi-
cient for delay tracking in this case.

G.3 BFSK DEMODULATION ERROR RATE FOR SLOW, FREQUENCY
SELECTIVE FADING WITH DELAY TRACKING.

As mentioned in the introduction to this appendix, the analytic expression for the
BFSK error rate in time and frequency selective fading is quite complicated and adding
the effects of delay tracking further exacerbates this problem. Thus we have chosen to
develop analytic demodulation error rate expressions with non-zero delay offset only
for slow, frequency selective fading and to develop such expressions with zero delay
offset for fast, frequency selective fading. The first of these two cases is considered in
this subsection.

Continuous

10
S10.1

BFSK With Hopping
Sampled CIRF No=2 4 8 32

6,r= TIN0

10-2

10.2 10". 10 101

Frequency Selective Bandwidth, f0T

Figure G-5. Ideal delay offset for sampled and continuous CIRFs.
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The output of the two BFSK tone filters is given by Equation (G.1). With fre-
quency hopping, energy from symbols other than on-time symbol is attenuated by the
downconversion and bandpass filtering processes in the front end of the receiver, so
the transmitted signal can be written as

m(t) = ej onoAf)t "I[T,

where no =+ 1 is the transmitted tone. In slow fading, the voltage from the mth tone

filter is then

00
-dte-J(m(Af)tf dch(t)eJ(ntAf + Nm

-T- 1+'CD L

This equation is easily extended to the case where the channel impulse response func-
tion is sampled by replacing the delay integral with a summation over the delay sam-
ples.

Without loss of generality, we assume that the no =+ 1 tone is transmitted. By
changing the order of integration, the voltage out of the filter corresponding to the
transmitted tone can then be written as

00.

Z+1 = r fh() e-J(Af)-t A T D]dr++N+l (Continuous CIRF)

0

When the CIRF is sampled the output of this filter becomes

Z+1 = r I hi e-Jf)A¶A +]N+l (Sampled CIRF)
i=o

Similarly, the voltage out of the other filter (m =-1) is
00

Z_1= r CMf h(r)F(r,'D)dt + Nj , (Continuous CIRF)
0
Ng-1

Z- 1 = rCM Ihi F(iAt,T D)++ N_1 , (Sampled CIRF)
i=O

where the coefficient CM is defined as
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CM = (_l)AfT
COM

and coM = 27r AfT is the normalized tone spacing radian frequency. We assume that the
tones are orthogonal, so Af T = an integer > 0. The filter response is

e ~rf(2TD-tr) - e j(7[f)T 1'- • IT

I't-'UDI>T

where the leading sign is plus for T < D and is minus for r> >rD.

The demodulation error rate is computed from the mean energy at the outputs of
the two filters and the voltage cross correlation coefficient. Using the properties of the
continuous CIRF given in Equation (G.4) and the properties of the filter output noise
given in Equation (G.3), the mean energy of the signal plus noise at the filter outputs
are

4

E+=(Z+l ZG1) (,r)A2 D d + (Continuous CIRF)

N- r2{JGPA2 iA-TD' o

E+1 =Kz+1 z1*)=r' Y Pi A2 T ] + (Sampled CIRF)

and

E-1 = (z.1z. -= r{4 G(GT)sin2 [-M(DZ - dt + 1} -TD1:T

0

(Continuous CIRF)

E. =~Zi)=r2{4•1 -°sn2 •M(t iAt)]+i} Iit-DI<TE -- ,Z-1 -)- = CO r 0 P, sin2 2--T + [I A'r- ,I<

(Sampled CIRF)

4 The presence of 0cM in the denominator of the two expressions for E_- indicates that one is not going to
be able to set co= 0 to transform E 1 into E+t.
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where 'y = r2 T/No is the mean channel bit energy-to-noise spectral density ratio. The
cross correlation of the voltage out of the two filters is complex because, as discussed
in Section 2, the two-frequency mutual coherence function for trans-ionospheric chan-
nels is complex. We show above that the noise out of the two filters is uncorrelated for
orthogonal signaling, so only the signal contributes to the cross correlation coefficient.
After some manipulation, the complex cross correlation coefficient is written in the
form

C=(Z+1,, Z:)=2r2' )M f G(t)A - I T ] sin [ ejL 2MTdt

0
(Continuous CIRF)

C=(Z+IZI)2r2 O I Pi A I sin e-TJlCM (iA¶+tD)/T

O i=0 L 2T I
(Sampled CIRF)

The integrals for the continuous CIRF case can be obtained in closed form for
the exponential form of the power impulse response function. For the sampled CIRF
case, the above expressions are evaluated numerically using Equation (2.14) for Pi. To
simplify the results for the continuous CIRF case, we write the expressions for E+1 ,
Eý_, and C in terms of the normalized delay offset 'D = tD/T.

The mean signal plus noise energy at the output of the filter corresponding to the
transmitted tone is then given by

E+ 1+ X+X ) -2e_ (-'D -1:5<'D< 0

E =L = -r 1)2+2(1+X-X'tD) 4e-XtD 2e-X('+'tD O• D<1

2 2[e-X(i -1)-e-X(D +1)1 4 e_%'D 1E+1 = r2[ TD _ + o>l

The mean signal plus noise energy of the output of the other filter is
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Eýjr2F2x2COS(COM'tD) + 2(oMýsin(COMjI tD) 2 2eXý(1+I iDI) +I]Dl
1 (M + M O)M XcM

2 [-X(iD-1) - eWD+1) ]il

where again the tone spacing radian frequency is com = 27rAf T. The cross correlation
coefficient of the output voltages is complex, with real part CR and imaginary part CI:

C = r 2M - 2k) X¶D (1- X + ?iD)sin(o'MiD)
+RC0{2 )2 C0

+[o~m(3X2 + )sin (O)MD) + 2V3 cos(COMD)] e(])

+ ý'(X? + (02) 2 }
CR 2. (V+0 2± + 2±2) ?I'D (1+X - XD ) sin (cOM'D)

CVR+r({ ,( 2  + +2 C 02M + O M

+2[k COS(O)MD) - (M sin ((OM'D)] e't OD•

o~m3V 0) ) in((DO~D) - 2VCO co(COD) e-X(1+iD)

[COM3X 4 )in (x2 +(02)2}

CR r f Xcos(coMiD)[KeX('D+1) e i l]

CR = r2{+ C02 - c, )2

w(OM(3 +(02 )sin ((OMýD) e-XNt+I) - > 1(i-I

+~ +Co) 2 )

+ 2[XCOS((OMýD) - CfOM si(COM'D)]-
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lr21 X[2X2 -(1I+ k~)(X? M ,)] + ViD (I -Xki(SCO D

o,(X ) ,(• C)2

[OcM(32 2) COS(oM'iD) - 2V3 sin -- D <0

+ [ C O M ( 3~~~ 2 + + C2 + o ) 2  ( O ~ ) e ( t )

C2__ _ _ __ r2 2 oD (l +X _)D)COS(O)M'D)

C1 M (X + (0 OM(?j+cO0M)M2

+ 2[com COS)(COiD) + k sin (,oMiD)]e-"'I o<<iD! 1
V- +o0),M

+~ ~ C02 ~~

[coM(3x2 + &)COS((O)MD) + 2V3 sin (CO)MiD)]e-k('+tD)

+~~~ C02 ±o)2}

c=r2 {.0M(32 +C0i2)cOs(OMiD)[e ?('D+I)- e-k(iD-1)]

2X2 sin (OMiD)[e X(iT +I) - e-?.( D-,)] .

( VM D + 5i(CO M )D ]e 1 C+2 +cooM cos

+2[cOM COS((OMiO)+ X•sin ((oM '•D)] e-;ý'D

The BFSK demodulation error rate is given in Appendix D with the substitutions
=E_, G2 = E+I, and (y 2P2 = C2 + C2. Thus the BFSK demodulation error rate

with frequency hopping in slow, frequency selective Rayleigh fading is

111 E+1 - E-1  (
2 •(g+m + E_1)2 - 4(CR2 -- C2) IG6

As one might guess from the form of the equations for the filter output energy
and the cross correlation coefficient, the demodulation error rate is quite sensitive to
the delay tracking error. To illustrate this sensitivity, we plot the mean signal energy
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and normalized correlation coefficient (p in the expression for C2~ + C2) of the filter
outputs versus delay offset in Figure G-6 for a case where the normalized frequency
selective bandwidth fo T is 0. 1, the tone spacing Af T is 3, and the CIRF is continuous.

The same parameters for a sampled CJRF with two delay samples per symbol
(ND = TI/ At = 2) are plotted in Figure G-7. The corresponding irreducible error rates
[i.e., Equation (G.6) with y --- -o] versus delay offset are plotted in Figure G-8.

A number of observations are readily apparent from these results. First, the de-
lay offset that maximizes the output signal energy of the filter corresponding to the
transmitted tone does not necessarily correspond to the minimum BFSK demodulation
error rate. Indeed, for the continuous CIRF case the minimum error rate occurs near

trD = 0 whereas the maximum energy occurs near trD = T/2. Second, the irreducible
error rate for the sampled CIRF case is zero for trD •ý -T12 because the normalized
cross correlation coefficient is unity in this region. This is an artifact of the sampling
(fortunately, the DLL, if operating near its ideal value, will keep the delay error posi-
tive). Third, the irreducible BFSK demodulation error rate is quite sensitive to the de-
lay offset, especially when the CIRF is coarsely sampled. An active DLL, however,
will tend to average over these delay offsets as the tracking error varies with time. For
this reason, we turn the DLL off in COMLNK when generating simulation results to
compare with these theoretical results. Therefore the comparisons have little practical
significance other than for simulation verification.

The effect of delay tracking on BFSK performance is summarized in Figure
G-9, where the irreducible BFSK demodulation error rate with the ideal delay offset

('ED equal to the ideal value from Figure G-5) and with no offset ('CD =0) is plotted
versus normalized frequency selective bandwidth. While delay tracking does not mini-
mize the error rate, it does reduce the irreducible error rate by a factor of about 2 for

f0 T values greater than 2 or so. Below this value of f0 T however, delay tracking ac-
tually degrades BFSK demodulation performance slightly from the performance that
could be obtained if the receiver could maintain time tracking at the position it should
have in a benign environment (tD = 0). Of course the possible presence of line-of-
sight or total electron content dynamics or both force one to do delay tracking if the
receiver is to have any chance of maintaining lock on the received signal. Furthermore,
it must be emphasized that all results involving the irreducible error rate apply only
when the signal-to-noise ratio is infinitely large, a condition that is rarely representa-
tive of actual practice.
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Cross Channel Model:
Correlation f, T= 0.1

10 Coefficient Continuous CIRF

CI} .....................

) 10.1
CU)

cZ 10.2
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o . Other Filter( 10" , "' (zldT= 3)_

10I

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Normalized Delay Offset, '0o/T

Figure G-6. Mean signal energy and cross correlation coefficient versus delay for a

continuous CIRF, foT= 0.1, and AfT= 3.
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Z 10-1
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-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Normalized Delay Offset, -r./T

Figure G-7. Mean energy and cross correlation coefficient versus delay for a sam-
pled CIRF (ND =2), f0 T =0. 1, and Af T=3.
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Figure G-8. BFSK irreducible demodulation error rate versus delay for continuous
and sampled CIRFs, f0  = 0.1, and AfT = 3.
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Figure G-9. BFSK irreducible demodulation error rate with frequency hopping and
with and without delay offset.
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It is interesting that the irreducible error rate of BFSK with hopping approaches
a limit that is less than 50 percent in severe frequency selective fading (foT --* 0).
When the delay offset is zero, this asymptotic limit is

p 1- (oM-- 6+ (]y-->-], foT-->O, TD=0)

which is equal to 0.091 for minimum tone spacing (Af T = 1), 0.011 for the Af T = 3
case plotted in Figure G-9, and 9.5 x10-4 for AfT = 10.

The effect of tone spacing on the BFSK demodulation error rate in slow fre-
quency selective fading with hopping is illustrated in Figure G-10 for a continuous
CIRF where we plot the irreducible error rate for three values of Af T. The delay off-
set is set to zero for these plots. For this case when f0 T is less than 1 or so, the de-
modulation irreducible error rate decreases by about a factor of 10 for each factor of 3
increase in the tone spacing.

100

i0- AfT=1

10-2

io Af T= 10
...................

" 10.'

Slow Fading

los Continuous CIRE
With Frequency Hopping
No Delay Offset (T, =0)

10-6 I IIII1J I I ''III I I I - 1

10"1 10o 101 101

Frequency Selective Bandwidth, fo T

Figure G-10. BFSK irreducible demodulation error rate with frequency hopping for
three tone spacings.
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The ideal BFSK demodulation error rate in slow, frequency selective fading with
frequency hopping and a continuous CIRF is plotted in Figure G- 11 versus ECb /No for
several values of f0 T. For each case the ideal delay offset is given. At error rates
above 5 percent or so, the effect of frequency selective fading is just to shift the error
rate curves to the right by the loss in signal energy at the output of the filter corre-
sponding to the transmitted tone. This loss in signal energy occurs because energy with
times-of-arrival outside of the time interval -TI 2 + 'ED • t < TI 2 + 'ED arrives when
the receiver is set at a different carrier frequency. Energy from the on-time symbol
that arrives early (t <-T/2 + 'ED) arrives when the receiver is still at the carrier fre-
quency of the previous symbol, and energy that arrives late (t > T/2 + 'CD) arrives af-
ter the receiver has hopped to the carrier frequency of the next symbol. As the channel
bit energy-to-noise density ratio increases, the curves approach an irreducible error
rate determined by the amount of signal in the output of the wrong filter.

G.4 BFSK DEMODULATION ERROR RATE FOR FAST, FREQUENCY
SELECTIVE FADING WITHOUT DELAY TRACKING.

As discussed above the expressions for the BFSK demodulation error rate in
time and frequency selective fading are sufficiently complex that we have not included
delay offset in this calculation. Thus the signal contribution to the tone filter outputs is

T/2
00 

jI.0_)f 
t -rSm= rf d'Te-j(fltf)t 1 dt h(t,,r)ej1(nom)Afi

0 Tf
-T/2

for the continuous CIRF case. The effect of the rectangular function in the equation for
Sm is to change the lower limit of the time integral to -T /2 +'. The extension of this
equation to the sampled CIRF case is straightforward. As before, delay integrals are
replaced by sums over delay samples. We will not consider the sampled case further
until we have derived expressions for the signal energy out of the two filters and the
cross correlation coefficient.

To obtain the BFSK demodulation error rate in Rayleigh fading we need only to
calculate the second order moments of Sm. In such fading, Sm is a complex, zero-

mean, normally distributed random variable.
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G.4.1 Second Order Moments of Sm for Continuous CIRF Case.

Assuming, without loss of generality, that the no = +1 tone was transmitted, the
signal energy at the output of the filter corresponding to the transmitted tone is

T T 1 T/2 T/2

Es+ "(S = r fdtAfd Ale-j•A-) f dt I fdt'(h(t,,T)h*(t',',

0 0 TT/ 2 +,c TT/2+r'"

For the turbulent model, the expectation of the channel impulse response function re-
duces to

(h(t,tr)h*(t',tc)) = G(t)5(,r- -') p(t - t')

where the power impulse response function G(t) is defined in Equation (2.8), and p(t)
is the temporal autocorrelation function of the fading. For simultaneous time and fre-
quency selective fading we use the f- 6 form for p(t) defined in Section 2.

The number of time integrals can be reduced from two to one by the usual
change to a difference variable. After changing to normalized delay (ý = r/ T) and
time (ý = t/T) variables, the resulting expression for the signal energy out of the
m = +1 tone filter is

Es,+I = 2r2 f TG(Tý) R+ (ý)d• ,
0

where the time integral R+1 (ý) is

0

We use this separation of the time and delay integrals to facilitate the extension of this
and following expressions to the sampled CIRF case. The time integrals for both the
sampled and continuous CIRF cases are the same, the only difference is whether or not
the argument of the time integral is discrete or continuous. Thus R+1 (ý) appears in the
continuos CIRF expression for Es,+l and R+1 (iAc / T) appears in the sampled CIRF ex-
pression.
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The signal energy at the output of the m = -1 tone filter is
TdT T/2 T/2

ESJ f t f: dt'
Es,_ = -_,_)= rZ fdz r.d't'e-jrTAi(r-T') l iT _ ~t

0 0 T -TI2+T -TI 2+t'

Xe 2 t jAf(t-t') (h(t,,r)h*

In a similar manner to that used to simplify the expression for ES,4 , the expression for
Es,_1 reduces to the deceptively simple form

1

ES,_1 = 2r2 2 TG(T') Rj (ý) dý
0

where

1 -4

R_,(ý)= fp(Tn)cos(coMý)(1- - ý)dý
0

The cross correlation coefficient between of signal contributions to the output of
the two filters is

T T

C = (S+ S_1) = r2 f dr f dt' e
0 0

1 T/2" I T/2 jlft
x adt -: lte h(t,,)h*

T T
-T/2+,t T/2+t'

After considerable manipulation, the real (CR) and imaginary (CI) parts of this ex-
pression can be reduced to

1

CR = -r 2 CM" TG(Tý) RcR (ý) d?
0

C1 = r 2 CM f TG(Tý)Rci(ý)d?
0

where the time integrals are

RCR() = [I + cos((o Mw)] RS(ý) + sin (coMý)[Rp ()+ Rc
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Rc1 (ý) = [I - cos(coMý)][Rp(ý) + Rc(t)] +sinf(coMý) Rs(ý)

and where the integrals Rs(ý), Rc(ý), and Rp( are defined as

0

RS()= Jp(Tn)sin(cMo )dý
0

1-4

Rc(t)= Sp(Th)cos(comý)dý
0

At this point we have formally solved the problem of the BFSK demodulation
error rate in fast, frequency selective fading with no delay offset. To obtain an analytic
answer, however, one must perform the indicated integrals. Therein lies the problem.
For the f- 6 form for the temporal autocorrelation function and the simple exponential
form for the power impulse response function, the analytic expression for Es_ 1 has
more than 80 terms unless care is taken to collect together similar factors. The expres-
sions for CR and C1 are even more unwieldy. Thus a symbolic mathematics program'
such as Mathematica® is necessary to have any hope of obtaining correct answers for
these integrals.

The rest of this subsection is devoted to writing down the analytic results for the
second order moments of Sm. These results are valid for the f- 6 temporal autocorre-
lation function p(t) and the exponential power impulse response function G(t). For
each moment we first calculate expressions for the time integrals because these are also
used for the sampled CIRF case.

In normalized units, the power impulse response and temporal autocorrelation
functions are

TG(Tý) = ke-xý

and
1[1 + T6 + .(T6
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where X = 2tfoT, T6 = c 6T/tro, and X6 is a numerical constant (a6 = 2.904630...)
defined in Section 2.

Using the normalized temporal autocorrelation function, we get the following
for the time integrals of Es,,l and Es, 1:

R+_(1)_8(1 -)T6 15 + T62+7T6 +l15 2T,+7 +12 e(1-)T6
3T62  3T62 3 T +3 e

(1 - )T6  [T 6 cos(0M Q)+0 Msin(Mom Q)](l--) e-(1-)T6

2 C2 2 2-' 6 T M T6 +0OM

R _1,2 [(1- )T 6 -M1](T2 -)) + A,(ý) cos(0cM •)- B(1 ) sin(0)M •) e(1-)T6
2 2 (2 2 2 )2

2T6 [(1- t)T 6 - 3](T - 3o)L1,3(• 33(T62 + C02M)

A2 (ý)cos(COM ý) + B2 (ý) sin (co0m ) e(l_-T6

3(T' ±coM)•

2T62(T4 - 60)2T6 +0c4) A3 (Q)cos (CMO) + B 3 ()sin ((oMý) e-(O-T6

T 2 -- 2 )4 
3 (6 2 . )4

G-27



where

A, [l-2[ T6 - ~1] -~'[ - ( (1- ý)2 T6' +(1 -ý)3T61 }

J)6234,~2 (1 +(1-) 2 ]c 41 (02( - )2(1-2T

A2 (1T6 )t6 M + [1 8-5)TT6

B2~ ~ ((0 MT {c~[-~2 (1_ý )2](_ f

-Co 024-(1_ý) 2 ](1ý)T4 29 +o (1 61

661~2
6  _(I_ ý)3 T66 6 }

-2 12 -- 28



and

The time integrals for the real and imaginary parts of the cross correlation coef-
ficient are

RCR,1Q) - {-o)M [i +c0o5(0M•)] + sin(0) M•)T 6 } (1-• ;) _T _
3(T62 + 0o2)

2)_ ( +3C02)[1+cos(coMý)](1-_)T 6

RCR,2~ - 0(3(T +C2)2

(5 T62 +c02 )sin(woMý)(1-(I• -)-T6
2

3(T# +0)2)2

3 (T62 M)R•.•(;-- om(15T6 + 1O020T62 + 3(045)[1 +COS (•OM)] [1~_,;o

8 sin (coM•
+ - 6 -- [1± +e-( -)6]

3((T6 ++M)

+ 8.M(52 +02)[1_- cOS(M)()1 T2 -(]-)T6

3(T2 0)2)

,CM(7TC + 3 T02))sin(0)M•) (i-m)6 (1-•
3(T2 +c2)2e
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RC/,3( 8 [I--cos(03MA)]T 5 
e_(

1 _)T6

3(T2÷o2)3

(oM(15T64 +1IOOc'T6 +3ioi)sin(o)Mý)(l

3(T62 ±c)

8 [1- cos (coMý)]T 6
5 + CoM (15T 64 + 1002 T6' +±3o)4)sin(0oMg)

RCI'4 (4)- 3(T62 +M)3

The time integrals for the complex cross correlation coefficient are then

RCR (4) RCR,1 () + RCR,2 (ý) + RCR,3 ()

Rc, (4) = RC] (I) + RcI,2 (0) + RcI,3 (ý) + Rc1 ,4 ()

These integrals are then used to compute the delay integrals in the continuous CIRF
case and the delay sums in the sampled CIRF case.

The signal energy out filter corresponding to the transmitted tone is then given
by the expression

ES+ -16(X- 1)T6 -30O+2(15X+ 8T6 )e-?"

3kT6
2

2X(T 6
2 +7T 6 +15)(e-T6 -e--)

2X(2T6 + -7)[eT6 )- (I+k-T 6 )eX]

3(k - T6 )2 T6

2), {2e-"6 -[2 + 2 + -2(k + 1)T 6 + T6]e-X}
-4( 3 Z - T 6 ) 3

The signal energy out of the other filter is an expression with a large number of
terms. We find this expression easier to comprehend when it is broken into multiple
terms (4), each with common denominators. These terms are:
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- 16 (X- 1)T65

33XT(T6+ 0m

EI,+20 =2-02 T+ +526 +0 (TT6 +0

6 6 321+ 1 3)](k 1)r

[2T6 +5 +325(2 +)TT +5 6  +MTM 6 -T

3(2 C032 )3

3k (T6 - )-

E-l' - [(T6_ 021 C0 4 2] [T ) +3 ]26

Eý122 -5T, +15 MT64+ 5coT M+6

(T6 + CO)~

(- 3)( +2 ()-3) 2[(T - - C02]T6 -) T

E26x-,4  4(e--T 6 )[(T6 -) --3 X)]r2 2[6 ( 2 )6 ]T 6 e-

3[(T 6 _3)2 +]C32 X [(T

_4[(1 +±o) -4 + 5X 2)T63 - )(3+3m• -6)- +5)-2) T62 ] e~T

3@_-X)2 +o 5]

2[cT6 +(1 (- 2 -1)2(+ 6(3 - +5 -)] 2 6 _ --6

3X[(6 _) X)2+(,2j]

x-3 (2- 2. 3 +2 _2)+ 2C 2  -3 3)+k4[(_) +2) -,6
+2 e

_[(T - X)2 + 2] 3
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where

Es,1 = EI, + E-1,2 + E-1,3 + E-1,4

Similarly, we organize the cross correlation coefficient into multiple terms with
the same denominators. The real part CR has 13 such terms:

(1_X)2 [?,(15 T6 +lO +W + 8,)+ 5]

CR,I = SM 62M 62± )3(V +w')(, 2 23

(1-e--)(15T6 4 +l10(02T 6
2 +3RO4)

CR,2 = SM 3(02+ ) 3

[8T 3+(T6 -?)(15T +1o•) +1](T -X

CR36M 37(T62 ±oJ,[(- 6 O- 2 +co-j

X8l5T6
4 2,(coT6 - 34k ) (15T4+1C2T62+3O4 -e )I~6-e'

CR,5 = SM

T{2e-X -[T6 - kl)2 + +l]e-6}

CR,6 = -SM - - (2)

3(T 6 - )3 (T62 +o)

C6 (T6
2 +5T 6 +8)(e-T -e-X)

CR,7 = -SM

3T(T6 62- _ 1)2 + 12]
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{XT 6 [(T6 -X) c- ](7T, +3o)+2?A46 -M)T (5T + M)}e-
CR,8  - SM -) 2 [(T

+ SM XT6{T63 +(1-32)T 6
2 +[co2 +?X(3X-2)]T 6} (7T62+ +3m)e-

3(TC +co0)2[(T6 £)2 + C,)2 ]2

+sM£T2T2[-2(X-1)T 6 +V(X-12) +3 /(5T 6
2 +co)e-

+SM 2 3(T6 _(TM) 2 [_ 3oX 2 [eT

2XT (T9-= -3-s4e
C M 3(T6 + ,)[(T 6 _k)2

XT62 [T62 -(5X - 21)T6 +2)1+0) ]4(5£2)+C}e-T6

3(~ o~[(6 _ X)2 + (02j]

2k(3+ 3co6 -X6 + 5 2 _) eT6-x

-SM 3(T 2 + )[(T -2 '+O13

+ SM [,+ 6c.02 (X2 _ 1)+ x 2 (6-8X+5X2)]T6 eT6

3(T+ +(02)[(T6 X) 2 +co2]3

2Xc[ (3 +2)+20, ( 2 _3)+( 3 (2+ 23+2 2) T+ e-T6C•l-sm . -( +0 )2 [T3

(T 6 (X 2  MG-

X[(04G-32



2XT63 [3(T6 - k)22 -c2]e-x
CRJt I=- -SM +C,2 Tm 13(T +2)[(T 6 M X)2 + 2] 3

JT63 {T64 -4(k -1)T6
3 + 2[cm+ 3(k -1)2 T62 }e

+M3(2(T6[ -)2 6 +- ]3

-SM 4X[o2 (Ak-1)+ X(3-3X,+2)]T6 e-T6
+SM 3(To2 +.)[(T6 _X)2 + ±2]3

C +,1 S5 M [+(T 6 -2)(2 5 2M-T

3[(6 _) k+2+2]

- + o]

C~l =~ M 3 (T6 X 2  m] M]3

2+SM (T6{- k) (2±T6 + 5) -TCR,12 "--: SM 3 "'- 7 _ k) + M02 e-T6

3[(T6 -x m]

-sm k(2T6 + 5)[T62 - 2(ý. + 1)T6 + V + 2X + o2m] e-x

3[(T6 - )2 +2]3
2UM v6 [3T64 -4 X)v + o 1)T63+2o32

[3-aM o_ (X)2 + 3C+)]T(2 3-x

3[(r 6 T) 2  _0]3
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where SM = (-1)fT+. The imaginary part has 16 terms:

[IX& 2(15T4 + 1mo' T2 + 30) -8VaT6' ](1-e-X)C1,1 = -M 30M(V + 1)2 )(T2 + (02 )3

8T65(-e-)
Cl,2 = -SM 2 23o A 30M(T6

2 +0C2)

[o 2M X (15T64 + 1002 T62 + 304)- 8X(T 6 - k) T6] (e-'6 -e-X)
C, 3 =M 30M [(T6 %)2 + 4](T2 +(02)3

82,T65 (e-X - e-T6)

CI4 = -SM303M(T 6 -•)(T +c-)•

3 S (5T 2 +2)[(T6_0) 2  e]-)

C 3, 5
5M (62 _-0) 2 [(T 6 - )2 2]2

- oM 2rT(5T6 +0o5)[T 6 -(3M-1)] eT6

3M(02 )o•2 [(T6 _ k)2 ±02

-SkT62 (5T6 + 03){[03 +X(3X-2)]T6 -T62(2 + 1)-X 2 (X_1)} eT6

32M(T6 +0•) 2 [(T6 _)2 +0)]2

,coM 2MT 6(T6 + )(7T2 +32)e

+MXT 6 (7T•6 32M)[T6 2 - (3- 1)] 6 (-2)+ ]

2[ 2-X) +)2 [T1]2
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AkT 6
2(5T,' + co' ) [eXý ~(1-k +T,) e T 61

C1 =5 M 3 coM (T, - k), (T,' +co

2k (T6 - k)T63 [(T6 - ) 32 -m

C1 8 ~~ =S2 ±o) [(T6 3) 2

3Rom (T62 +c)[T X)2

MT6 [T2 -T(5k3o- 26 +5X2(l)0 -4 X)
3coM(T 2 +o) m(Te6 T

SM 3coM,(T6 + co (T 6 -) 2 +co M

2XT6 co (3 2 + 3(02 -~ -3k + 5V) -2 21e
3coM (T6 + c o 6 _ k )2 + Co)j

k M 2)~T4 ?[( [C0 C )2

2(T + )~[T [- _q2 + 2 34

3oMt6{w T6 +4~1T Wm co 63~1)] 
-OM

+SM 2)3 e-T

3(T 2 ~~ _i4[T X)2 +4]32

COMXT F4 2 22'
+SM lcoM +3(T6 - +6) + -i)

3(T62 + OM) [(T6 m) coj

' [o ( -1)+ (G- 3k )



'%T6 {e- -[(T 6 -X+1)' +1]e-T6}
Ci,io -- (TSMS 3 ( 6 - ,)3 (T +6)

X(15T6- 21XT6 +8X••) ecio =S 3mT6 (T6 _ X)3

_s X[T64 -(2k.- 7)T3 + (2 - 12+15)T62 + X(5k -21)T 6 +8?2] e-T6
S3oMr6 (T6 _- )3

, (T6 -k)(T2 + 5T6 +8)(eT6 -e-l)

CI,13 = SM o• 6(V + (02
3(o m T6 ( .- ± )2

O1,14 = SM eT6
30 _[(•-2 +, C•]

+ SM ; (2T6 + 5)T - (3?, + 1)T62 + [?,(3 X + 2)+ o2 ]T 6} e-x3 • [(T -• • + 2]
3M( 6 _ X)2 + 0) 2

-Sa4£(26 +5) )v2(Xv + 1) + 02 (% _1)]e-

0[((T6 ?X) 2 +(2]
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C1 ,15 =SM 22T 6 (T6 -k)[(T 6 -k) 3 MIT 6

33M [(T6  -)2 + 0 ]3

S)VT4 {T2 -(5X,+2)T6 +[5x 2 +4V+0o2 +l]} ex

30oM[(T6 - )2 + 012-3

+ 2)XZT63(5)X2 + 6Xv+ 30co +3)e-

3 ~ ( 6 - + (02

-SM XT64X2(9, + 8)+ 6)+ 6[5X(? 2 -1)+ (t4] e-X

S3oM[(T6 _?2)2  2 + ]]3

2,T6 3 (5V + 26? +2)+ 2oS)(X2  -3)+ o4 ()- 2)3 e_3 X

3c0M [(T6 k 2 )2 + 33

8(1-e-X)
C,16=-SM[

G.4.2 Second Order Moments of Smn for Sampled CIRF Case.

The extension to the sampled CIRF case involves replacing the delay integrals

with sums over the delay samples. Thus the signal contributions to the tone filter output

energy are

ND-iEs,+1 = 2r 2  + Pi I+2(i/ND) (Sampled CIRF)

i=0

Es4 = 2r2 S Pi n o(i/ND) . (Sampled CIRF)

i=0

where ND = TIuAm is the number of channel delay samples per symbol period. Simi-

larly, the real and imaginary parts of the cross correlation coefficient are

N,-1

CR I Pi IcR(i/ND) (Sampled CIRF)

i=o
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ND -

C, = r 2 CM DP1 IcI(iIND) (Sampled CIRF)
i=0

These expressions are evaluated numerically using the analytic expressions for the time
integrals derived above.

G.4.3 BFSK Irreducible Demodulation Error Rate in Frequency Selec-
tive Fading With and Without CIRF Sampling.

The BFSK irreducible error rate is plotted in Figure G-12 for one slow fading
(,to /T >> 1) and several fast fading (,to / T = 0.1 to 10) channels. These results are for
continuous CIRFs and no delay offset (CtD = 0). Three times the minimum tone spacing
is used which provides considerable immunity to the effects of fast fading for values of
"to / T greater than one. As pointed out in the previous subsection, the slow fading ir-
reducible error rate approaches an asymptotic limit of 0.011 for small values of f0 T.
For to / T > 1, the effect of fast fading is essentially to add a small amount to the irre-
ducible error rate determined by f0 T. For 'to / T < 1, the irreducible error rate is es-
sentially determined by the value of to / T and is insensitive to the value of f 0 T.
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G.5 CIRF SAMPLING EFFECTS ON BFSK DEMOD ERROR RATE.

Finally, we investigate the effects of channel delay sampling on the BFSK de-
modulation error rate in frequency selective fading. As discussed above, sampling of
the channel impulse response function in the delay domain is necessary to generate
fading realizations for either hardware channel simulators or software simulations such
as COMLNK. The only parameter of the sampling that we allow5 here is the number of
delay samples per symbol period, ND.

The BFSK irreducible error rate in slow, frequency selective fading is plotted
versus normalized frequency selective bandwidth in Figure G- 13 for continuous and

sampled CIRFs. The tone spacing is three times the minimum for these results, and the
delay offset is set to zero.

Clearly, the error rate curves are quite sensitive to the both the number of chan-
nel delay samples and the frequency selective bandwidth. This is understood by consid-
ering the total number of delay samples NX as a function of these two parameters.
From Equation (2.13), with the total power P., in the sampled CIRF equal to the value
(0.975) used in COMLNK6 and in these results, the number of delay samples is

N l:1 n(1 - PT)NO
N~r= - 27rfoT

When the second term on the right-hand-side of this formula is less than unity, the
number of delay samples is unity, and the irreducible error rate is identically zero. For
ND = 2 and P, = 0.975 this occurs when foT > 1.17, and for ND =-64 this occurs
when f0 T >_ 37.7. For values of f0 T that result in N., > 1,

3.7NDfoT< •
2Tc

• It has been demonstrated by Reinking [1995] that one can adjust the delay sample size and the power in
the delay bins to allow the ideal delay offset with coarse sampling to approach the ideal value with a
continuous CIRF. Presumably, one could do a similar thing with the error rate, but it is unlikely that
one could match both the ideal delay offset and the BFSK error rate simultaneously. Furthermore, it is
unreasonable to vary the channel model arbitrarily on the basis of minimizing or maximizing some
measure of receiver performance.

6 Dana [1991] specifies the total signal power in the delay grid to be 0.975. It is now clear that a value

closer to unity should be used, and a future version of COMLNK may employ a value of 0.999.
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10"1 1 I I

Sampled CIRF (N, = T1A T)

TP = 0.975

( 10.2 Tone Spacing AF T=3
No Delay Offset (% = 0)

"10-1:',•, Continuous

10-410-

ND=2 4 8 16 32 64

10"1 100 101 102ý

Frequency Selective Bandwidth, foT

Figure G-13. BFSK irreducible demodulation error rate in sampled (P, = 0.975) and
continuous frequency selective fading.

the curves have a "stepped" appearance as N., varies from 2 to 3 to 4 and so on.
Eventually, when foT is small enough that the number of delay samples becomes large,
the steps smooth out, and the sampled CIRF BFSK irreducible error rate approaches
the continuous CIRF curve.

Increasing the fraction of signal power in the delay grid, from 0.975 to say
0.999, can smooth out the steps. Using the formula above, this will increase the re-
quired number of delay samples by a factor of about 1.9 when foT is small. The ad-
vantage, however, is that the irreducible error rate is less sensitive to the exact number

of delay samples, and the irreducible error rate curves are smoother as foT varies, as
shown in Figure G-14.

When the tone spacing is three times the minimum value or larger, the irreduci-
ble BFSK error rate in slow, frequency selective fading is 0.0105 or less. The effect of
delay sampling is to make this irreducible error rate even smaller. For demodulation
error rates this small, a link that utilizes error correction coding and sufficient inter-
leaving will have a user bit error rate of nearly zero. Thus for many applications the
effects of channel delay sampling may be irrelevant to the user bit error rate.
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Figure G-14. BFSK irreducible demodulation error rate in sampled (P, = 0.999) and
continuous frequency selective fading.
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APPENDIX H

DEMODULATION PERFORMANCE OF BINARY FREQUENCY SHIFT-
KEYING IN FREQUENCY SELECTIVE FADING WITHOUT HOPPING

The frequency selective fading performance of a BFSK demodulator without
frequency hopping is considered in this appendix. This case differs from the case with
frequency hopping, considered in Appendix G, in that the front-end downconverter
and bandpass filters of the receiver do not attenuate energy from previous symbols be-
cause all transmitted symbols have the same carrier frequency. Thus there is intersym-
bol interference (ISI) in a frequency selective channel.

A functional block diagram of a non-coherent binary frequency-shift keying
(BFSK) receiver without frequency hopping is similar to that shown in Figure G-1.
The block diagram in that figure is for BFSK with frequency hopping, although to turn
the hopping off one only needs to set the number of allowed hop positions to one or
otherwise disable the hop synthesizer.

We assume that the AGC and AFC tracking loops are operating perfectly and in-
vestigate the ideal delay offset in frequency selective fading. Our results show that this
ideal offset is a small fraction of a symbol period in an unhopped system. Thus we ig-
nore delay offset in developing expressions for the BFSK demodulation error rate.

In the next section of this appendix we give some general results for the BFSK
signal and noise at the output of the tone filters in terms of the transmitted waveform.
Then in Section H.2 we consider the ideal delay offset for this case. In Section H.3 we
derive the demodulation error rate with and without sampling of the channel impulse
response function (CIRF). The results for slow fading in this case are sufficiently com-
plex that we have not attempted to extend them to the case of fast, frequency selective
fading. This extension is straightforward, but the result would involve even more
terms than the result for the case with hopping, which takes several pages to write
down in Appendix G.

H.1 GENERAL BFSK RESULTS.

In a BFSK communications link, the transmitted signal during the kh symbol is

m(t)-=I ej(Ukmf)t 1[1 - k]
k H-
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where Af is the tone spacing and T is the symbol period. The transmitted tone is de-
termined by the value of nk, where nk = ±1 for BFSK. The rectangular function -(.)
is defined as

I if x <•
{ otherwise

Here m(t) represents a frequency offset in the transmitted signal, so the carrier fre-
quency per se is never transmitted, assuming that suppressed-carrier tracking is em-
ployed.

The received signal is the convolution of the channel impulse response function
and the transmitted modulation. For a continuous CIRF, the received signal is

o0

u(t) = r f m(t - r) h(t,t)dT
0

where r is the mean received signal amplitude. In slow fading the CIRF does not vary
over the period of time that energy from a single transmitted symbol arrives at the re-
ceiver. Thus in slow fading h(t,tc) is replaced by h(t) in this equation.

In either a simulation such as COMLNK or in a hardware channel simulator, the
CIRF must be sampled in delay and time. The slow fading version of the convolution
with a sampled CIRF is

N,-1

u(t) = r m(t - iAr) h(iAt) At,
i=0

where At is the delay sample size, and N, is the number of delay samples. In later de-
velopments we use hi as a shorthand notation for h(iAT)At.

The received signal is then processed in tone filters to determine which tone was
transmitted. The output voltage of the mth filter (m = ±1) during the kth symbol pe-
riod is

I (k+1 /
2 )T++D

Zm'k f J [u(t)+ n(t)]e-j(7Af)t dt , (H.1)
T (k-112)T+ctD
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where "tD is the delay offset that is non-zero in frequency selective fading. Hard-
decision demodulation is performed by selecting the received symbol to be that corre-
sponding to the filter with the largest output amplitude.

The complex voltage n(t) is additive white Gaussian noise (AWGN) with the
usual properties:

(n(t))= 0

(n(t)n(t')) = 0 , (H.2)

(n(t n* (t')) = N0 a (t - t')

where No is the one-sided noise spectral density, and 8 (-) is the Dirac delta function.
The second equation results because the real and imaginary parts of AWGN are uncor-
related. The noise contribution to the voltage out of the tone filters is then

1 (k+1l2)T+'TDNm,n, = -- fn(t) e-j(rnr'f)t dt

T(k-112)T+'r

Because n (t) is a complex, normally distributed random process with zero mean, Nm,k
is similarly distributed. Thus to complete the description of the tone filter output noise,
we need the variance and cross correlation of Nm,k. The cross correlation is

(k+112)T+tD (k+l/2)T+TD

cN (.' )=-1 f dt e PE(nk M)Af t' j dt e'(n. -- ') Aft'/
ej=_mif N,, te- •'-m)f(n(t)n* (t'))

T (k-1/2)T+TD (k-1/2)T+TD

Because the noise n(t) is delta-correlated, this expression reduces to

cN Noin[1 7u(m- m')Af T] =_ m m'C , = Texp[jo(m-m')Af(kT+rD)] 1 2 MM' (H3)

m,m T -f ( (m•m• )AfT TH

for orthogonal signaling (i.e., for Af T= positive integer) where 8m,m, is the
Kronecker delta-symbol.

After some manipulation, the signal contribution to the output of the mth filter
in slow, frequency selective fading is

Sm= (I+i)T+TD h (nkej~ t~ T/2+'CDnkI ) oTSm = rj, fdc h('r)e-jn-f) T1 dt e-~- I i Ti +11 (H.4)

1=0 (l-])T+rD T
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for the continuous CIRF case. We will consider the sampled CIRF case later, after we
have investigated the effects of delay tracking. In further developments, we find that it
is convenient to divide this signal into three parts, the on-time contribution from the
kth transmitted symbol and two contributions representing the ISI from previously
transmitted symbols. The on-time signal contributions to the filter output voltages are
given by the 1 = 0 term in Equation (H.4):

T/2+'tD

S m = T+ -tD -j '"f ' I J/ +C t j(M~nk> nAf t ~jt 'fSo'm = r fdc h(,c) e- nkTz) fIte (H.5)

0 
-T/2+'Ti

The ISI contribution to the filter outputs is given by the I > 1 terms in Equation (H.4).

After changing variables in the delay integral, we get

oc 2 T+,c

Sim = rX J dt h(, + IT) e-j(n--l)[t+!T]
1=0 'E

T/2+TD

S-fdte-J(m-nk-1-1)lAfttrI t ]T+

-T12+'CD

To aid in the evaluation of the filter cross correlation and output energy, the ISI con-
tribution is divided into two parts, each with a delay integral over the range TD to
T + t"D. These two terms are

c• T +'c o-T/2.+-'

S1= r dth( +T)e-j(nk--Af)('c+lT) I dt ei, mnk f (H.6)r I f r h T I ) e- d e--j(rn- 1-nk 1)RAf

1=0 'E T _T12+,rD1=0 Tb

S o T+'r + Tok! 1 TI2+r[D e•j nk)-LAf

Im =rX f dch(r +lT)e-j(n-Ttf)(+) dt-j( (H.7)
1=1 'ED -TI2+'r

The total signal contribution to the filter output is
a = Som= +- Sm + S2,

H.2 IDEAL DELAY OFFSET.

In an FSK receiver that does not use sync symbols, time tracking may be accom-
plished by generating early and late voltage samples from the first and second halves of
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the modulation period. These samples are taken from the filter with the largest total
output amplitude, which is the one chosen to correspond to the transmitted tone. The
DLL then attempts to equalize the energy of these two samples. Rather than calculating
the early and late samples, we are going to find the delay offset 'CD that maximizes the
signal amplitude out of the correct filter. As we have shown previously, this should be
close to, if not exactly equal to, the delay offset found by a DLL that equalizes the am-
plitude of the early and late samples. Ultimately, we are going to show that the delay
that maximizes the output amplitude is a smaller fraction of the symbol period without
frequency hopping than it is with hopping. We then use this as justification for ignor-
ing delay in the error rate analysis. Thus we are not interested in the exact value of
T D, but rather we want to show that tD /T is relatively small for this case.

Assuming that the receiver selects the output from the filter corresponding to the
on-time transmitted tone (i.e., the signal from the m = nk filter during the kth symbol
period), the on-time signal contribution to the correct filter is given by Equation (H.5).
With m = nk, the time integral in this equation is just the triangle function, so

T+t DSo rfh(.c~e(nlk•Zf)ZArt-'Dl
OTm = r f 1 eA dt m = nk , (H.8)

0

where

A (x) = 1-JxJ if l/l<1ý

otherwise

The ISI terms in Equations (H.6) and (H.7) contain contributions from previously
transmitted symbols (k - 1, 1 >_ 1) and thus have the same form for either the correct or
the other filter.

The signal contribution to the energy at the output of the correct filter is

ES=KSSm )=r 2(Eo + E' + E 2+Co+C1 )

where the normalized' energy contributions are

Normalized by the mean received signal energy in the absence of propagation effects, r2
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F __-1/S i \o,mSO,m);
r2 .

E1l 1/1 ] ]*\

R1  1 2
rs R [KSI,m sI"")]Cou 4 Re[ Som Si)]

In evaluating these expectations, one gets expectations of the CIRF that reduce to

(h(c)h *('))= G(-c)5(- t') ,

where G(-) is the power impulse response function [Eqn. (2.8)], and 5 (.) is the Dirac
delta function. The other two cross terms in the expression for the signal energy are
then identically zero because the So,m and S•,2 terms have no overlapping regions in
their delay integrals.

The signal energy out of the correct filter can now be computed using the delta-
correlation property of the CIRF. The on-time contribution in normalized delay units
( =t/T) is

Eo -1/SomS;m)= TG(TQ)A2(ý-tD)dý
r2 0

where tD = •D/T

The ISI terms are a little more difficult to compute. For example, the signal en-
ergy of first ISI term is

0 00 T+TD T+.tC(S1,mS1,*m f, dr fd'c'(h(,r+lT)h*(,r'+l-'T))
1 1= 0 l'= 0 -ED 'CD

-T/2+,t -T/2+tc'X T dt1 f dt(nellmgf-~k,_

-T/ 2 +CD -_-T12+tD
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We have made the physically reasonable assumption that the CIRF and the modulation
are uncorrelated so that the expectations of the two can be factored into two terms. The
expectation of the CIRF forces t' = t and 1' = 1. The expectation of the phase term
then reduces to

Ke J(nk-,- m)7CAf (tt')) = e+ ]±j2cAf(tt')
/2L

because, with equal probability, nk-1-1 is either equal m or it is not. In the latter case,
nk-1-] - m = ±2. The signal energy of the first ISI term then reduces to

l+tDo;

where mM = 227tAfT. Similarly, the energy of the second ISI term is

l+io

1= 0 4 4sin 2[12 ' (OMý- iD)]ld

El=-• TG[T( +l)] (1--) +D)2 + d}

TD

The on-time - ISI cross correlation term is

'T+'D

EK S l,m =I = dTx+I T . d"h('t)h*(" +lT) A2 'D]

-TI 2 +¶D

The CIRF expectation again forces "t' = tc and 1 = 0, and the phase expectation is

(e-J(nlk--m)irft~j(nk-In•• • =2l[ ~j4~-)
The on-time-ISI cross correlation term is then

tD
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where SM =(- 1 )AfT+1.

The ISI cross correlation term is

1 T+TD T+TD

(SIS2*) =I I fdt Jdu*'Kh(,r+lT)h*(T+lIT))
1=0 1'= -ED TD

Xa- T/2+,cd fl T/2+rtOdt -j ... -7zfzl+j"rzf'+l)+n -mtf-jnt-mgf'

T f dt f~ dt'K/
-T/2+rD -T/2+-'"

Once again the CIRF expectation forces t' = r and I' = 1, so the phase expectation is

( .e-J(nk_,_1 -nk _' )7Af(T+lT)+j(nk _-_- -m)7tAft-j(nk-l -m)nAfi'

At this point it is convenient to pick a value for the transmitted tone, and we select

nk = m = + 1. The mean signal energy out of the correct filter is in fact independent of
the choice for nk, but one has to evaluate the ISI cross correlation for both choices to
demonstrate this. The phase expectation depends on nk-1 and nk-1-1. Assuming that the
transmitted modulation is uncorrelated from symbol-to-symbol, there are four equally
likely possibilities:

nk-1 nk-1-1 Probability
Value Value of Occurrence

+1 +1 1
4

+1 -1 14

-1 +1 14

-1 -1
4

The phase expectation is then given by the expression

( e-J(nk-1-1 -nk-, )nZf ( z+lT)+ j(nk-t-, -m )7tft-j(nk-t-m )7tAft'

= ¼[ +e-27tjAf (+IT)+27cjAft'+ 2njAf(T+lT)-2ntlft +-e-2 jAf(t-t')
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The time integrals in the ISI cross correlation term can now be done in closed form
with the result

1+tD

10 dtTG[T(+I)]((_.•'D)(I+'D_ _) 4sin 2 1[IoM(ý-_D)]

2 =1f OSM ~ J[I2(•_-D)]sil3(•_-tD)]±D}
'D

SM

For the exponential form of the power impulse response function given in Equa-
tion (2.8), the sums in the above expression can be done directly:

jr[T( + iT)] = ,eX"SO
1=1

where k = 21t foT and

"0' eXl e-X
SO = •tle = - e-"(H.9)

1=1 l-ee H9

The delay integrals can now be done analytically, and the signal energy out of
the correct filter, as a function of the normalized delay error 'D and frequency selec-
tive bandwidth X, can be calculated. Writing the signal energy in two terms

ES = r2 (Es,1 + Es,2) ,

the second of which is proportional to So, we get following:

(E'XD) 2 -2X(+1)'D +x2 +2X+2 3X+l eX +- 1-e- eXD

x 2 +2e_%(j+) 2SMX? e-X('D+1)_ SMX[k(X-2)+O)Z] e-XD (H.-1)

2V ( 2 )2e ( 2
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S =S2 [x2 _ -X+2,2 e-k-' -
2 +X+2 -e.('D+I) + 1-e-x e-kiD

2X? 2X? e V + }o e

SM 2k[X( X-4)+C)M ] e_2vrD SMX[k(4+4)+o)M] 2 (H.11)

2 (pV + )2 2(V2 + co) 2  J
where, again, coM = 27tAfT and SM = ( 1 )Af 1. Note that the flat fading limit
(X, ---> ) of Es.1 + Es,2 is unity.

Rather than developing similar expressions for the early and late signal energy
out of the correct filter so that we can find the ideal delay offset, we are going to ap-
proximate the delay offset by that which maximizes the above expression. This delay is
plotted in Figure H-1 versus normalized frequency selective bandwidth, f0 T. For
comparison, the delay offset that maximizes the signal energy out of the correct filter
of a BFSK demodulator with frequency hopping is also plotted in the figure. Both of
these curves are for a continuous CIRF, and for the case without hopping, the tone
spacing Af T is two'. The delay that maximizes the output energy of the unhopped sig-
nal approaches one-third of a symbol period as f0 T approaches zero.

However, we will show that the irreducible error rate for this case is below
10 percent only for f0 T > 0.3, and in this range the ideal delay offset is less than 0.13.
In further developments of the BFSK demodulation error rate for this case, we will as-
sume that the delay offset is zero to simplify somewhat the resulting expressions for the
signal energy out of the other filter and the cross correlation coefficient.

H.3 DEMODULATION ERROR RATE WITH CONTINUOUS CIRFS.

To calculate the BFSK demodulation error rate we need the second order statis-
tics of the signal contributions to the outputs of the two filters (i.e., the two output am-
plitudes and the cross correlation coefficient). Equations (H.5), (H.6) and (H.7) are
used to compute these statistics. The signal energy out of the correct filter is already
given by the two terms in Equations (H. 10) and (H. 11) evaluated at ' D = 0. Rather

Here the signal energy out of the correct filter depends on the tone spacing because the ISI contains

contributions, with equal probability, from both possible transmitted symbols. In the hopped case, the
output energy of the correct filter is independent of the tone spacing. The reason for choosing Af T = 2
for these results will be apparent later in this appendix.
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Figure H-1. Ideal delay offset that maximizes the correct filter output amplitude for

BFSK modulation with and without hopping.
than just writing this expression down, we find it convenient to express the signal en-ergy and cross correlation coefficient in terms of integrals over delay. These integralscan then be transformed to sums to get the second order statistics for the case where

the channel impulse response function is sampled in the delay domain. It is also con-venient, although not absolutely necessary, to choose a value for the on-time transmit-ted symbol, and we choose nk = + 1. The demodulation error rate is independent of thisWith our choice for the on-time transmitted symbol, the normalized signal en-ergy out of the correct filter (m = nk = + 1) is

r 2 1 1.

1- (So,+,So,+ ) + 2Re[S , S ,+ ]

* S2+2R e [(S' .]S,+ I]"F( ; + 1 S I ,+ I - - 1 , + S 1 ' ,+ 1 1 ' +2
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Cross terms of the form

(So+, S,+,)

are identically zero because there is no overlap in the delay integrals of the two terms.
Each of the terms in the expression for E+1 is given by expressions in the previous
section with ýD = 0. The signal energy out of the correct filter is then given by
E+, = R0 - R +R 2 + RS + + R So (Ro-R + R, 2 + Rs + Rs 2  2Rs,3)

(H.12)

where So is given by Equation (H.9). The R integrals are defined as

I

Ro = fTG(Tý)dý = 1-e-X
0

1 1_ (k+le .

0

Rg2 = 2 -(•X2 2 2 ?, + =2)e-
R2  f TG(T ( n= 1

0

Sr_ SMk(Il-e7Xý)

Rs,2 = -- TG(Tn)sin[½M-ý]d=2- 2 +
0 M

41, (1-(l-e 22+(2 e)
=S, _--._ TG(Tý)ýsin(coM])d• = o2)2

Rs,3 WM 0

RsA4 =-SM TG(Tn)(1- 2ý)sin2 [½j0M ]dt
0

SM COM [L(ý2 + CO2 )(I + e-)- 2(3V2 + O2)(1 -e-)]

2X(,2 +c02)2
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I

Rs,5 =j TG(Tý) (1- )sin(co M)dý
0

2, co m [k(2 + 2 )(1 + e-2)-(3V _ -0 )(1- e-x)]

+(x2 ±~)3
1M

0

_ •(•4_ M4)(1 +e-•')- 2)2(V _3m M)(1-e-'")

(V2 + (02)
3

Closed form expressions for these integrals are obtained using the exponential power
impulse response function [Eqn. (2.8)]. The latter three integrals will be used in subse-
quent expressions.

The normalized signal energy at the output of the other filter (m = -1) is

E ½-1 = 1 OS",-+S,_I + S2 )

14 {(S,,, s;,-,) + 2 Re [(S sj-, )]
+(Sl.,_ SI * ) + (S2_ s1 ) S 2 Re [S~1, S2>)]

Terms from ISI only (those on the last line of this expression) are equal to the corre-
sponding terms in the expression for E+I:

s l - 1 " 1 "

Is,1 Isy.1) = Ks1+I s+1,*)
(s2 Is 271 = (S2+ IS2*)S1 2*1)

2Re [(S. s1,S2* 1)] =2Re[KSl,lI+i?)

because these terms only depend on previously transmitted symbols, and are independ-
ent of the on-time symbol. Thus the first two terms in the second expression for E_1
(those on the middle line) must be evaluated.
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The on-time signal energy is
E 1 =•-sO o

Eo,-j1 -7 So,-1 SL,-1)

T T T/2 T/2

=f dt dKc'(h(t)h*(t'))e-1Tf(T- Jd• t i/dtre 2"
0 0 T-T/2+tr *T12+,c'

The CIRF expectation forces t' = t, so this expression collapses to

4'1Eo- = - f TG(Tý)sin 2 [Lcomý]dý = Rs2
O 0

The on-time ISI cross correlation term for the other filter is

1 (So,-1 SI,-) * . drf ''h'~*'. l)
_r2If r r((rh(r+1)1=0 0 0

1 T/2 - T/2+r'- _j-f•t+jn_,_- Af(,'+1T)+2ntjAft-jnt(l+n_,_ )Aft,\
X- T fdt T j dt'(e

-T/2+r -T/2

Again the CIRF expectation forces t' = t and 1 = 0. The phase expectation then reduces
to

(e -jt(1-nk-] )Aft+2 njAft-jn(+1nk -)Aft') = ± [e2tJAf(t-t') + e-27rj/f(T-t)]

The cross correlation coefficient for this case reduces to

2 1

=-f{TG(T7) [- sin2 (ld-o)-SM ýsin(OM)d =Rs2 +Rs 3

0

Combining terms gives the following for the signal energy at the output of the
other filter:

E_, =-(R2 +Rs 2 -2Rs, 3 )+½S1(R-R 1 +R 2 +Rs R,+Rs 2 -2Rs, 3) (H.113)
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All that is left to do to calculate the BFSK demodulation error rate is to compute
the cross correlation coefficient of the outputs of the two filters. Expanded out in terms
of the three components of the output signal, this cross correlation is

C = -4 S+1 s 1 )= -4 {so,+1 s*) +Kso,+1 s 1 ) +(S1,+ 1 sf 1 )

+Ks,+, S + Ks~+s) + (S',+,I* I SI )}I I,- M S'+ ,-'/I

Two of these terms are zero because there is no overlap in the delay integrals, so
So,+] S2*1 s2

I,- 1  ) = ( I+1I S,- 1 ) = 0

This leaves only seven terms to evaluate, each of which can be complex. These terms
are reduced in exactly the same way as the energy terms. Expectations of the CIRF re-
duce the number of delay integrals from two to one, and expectations with the on-time
component eliminate all terms with 1 > 1. Expectations of the modulation involving just
one transmitted symbol reduce to two terms, and expectations of the modulation in-
volving two transmitted symbols reduce to four terms. The reader is spared the tedious
details. After considerable algebra, the real (CR) and imaginary (CI) parts of C can be
reduced to

CR = I(I + So)[Rc - Rsi, - Rs,2 + 2Rs,3]

C I =- ½(1 + SO)[2 RS, 4 - Rs,5 
( .14)

The BFSK demodulation error rate without frequency hopping is given by the
expression in Appendix D with the substitutions

(12 r 2[E_I +'y-1]

(2.. r2 [E+i +y-] , (H.15)

1 ~2 2  = 2 (CR +CJ2)

where y = r2 T/No is the symbol (or bit for BFSK) energy-to-noise spectral density
ratio. Thus the BFSK demodulation error rate in slow, frequency selective Rayleigh
fading is
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1 -E -1 (H .16 )
P•=2" V/(E+, + E_1 + 2y/-]) - 4(C2 +Cz2) (.6

The BFSK irreducible demodulation error rate without frequency hopping
[Equation (H. 16) with y ---> - ] in slow, frequency selective fading channels with con-
tinuous CIRFs is compared to the value with hopping from Appendix G in
Figure H-2. Without hopping, the ISI drives the irreducible error rate to 50 percent
for small values of the normalized frequency selective bandwidth, foT, whereas the
irreducible error rate with hopping approaches about 0.02 in this limit for AfT = 2
tone spacing.

For values of f0 T _Ž 3 and Af T = 2 the irreducible error rate without hopping is
less than that with hopping. These curves do not cross, however, if we compare the ir-
reducible error rates with three times the minimum tone spacing. This suggests that
there is a significant variation in the irreducible error rate with tone spacing for BFSK
without hopping.

Because the expressions for the BFSK error rate depend on the tone spacing in a
rather complicated way, it is instructive to plot the irreducible error rate for various
values of the normalized tone spacing Af T. These plots are in Figure H-3 for Af T in
the range 1-10. Surprisingly, the irreducible error rate depends, in a significant way,
on whether or not the normalized tone spacing is even or odd, and there is an optimum
tone spacing which is twice the minimum tone spacing.

A word of caution is necessary. Based on our results for sampled CIRFs pre-
sented in the next section, the rich behavior of unhopped BFSK demodulation perform-
ance with tone spacing in frequency selective fading depends on having an infinite
bandwidth. Because real transmitters and receivers are band-limited, it is unlikely that
an actual system will have performance that is this sensitive to the value of the tone
spacing. We address the this in more detail at the end of this appendix.

The BFSK channel bit error rate without hopping for the optimum tone spacing
(Af T = 2) and for slow, frequency selective fading with continuous CIRFs is plotted in
Figure H-4 versus E, I No for several values of fo Tb.
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Figure H-2. BFSK irreducible demodulation error rate in slow, frequency selective
fading with and without hopping.
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Figure H-3. BFSK irreducible demodulation error rate without hopping for several
tone spacings in slow, frequency selective fading.
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H.4 DEMODULATION ERROR RATE WITH SAMPLED CIRFS.

When the channel impulse response function is sampled in the delay domain, as it

must be in software simulations or in hardware channel simulators, the on-time signal

contribution to the output of the tone filters when the delay offset is zero is

T/2

Som = r N hi ej(nk-Af)iAT N dte-j(m-nk)TAf rit - iAt
i=0 f

-T/2

where ND is the number of channel delay samples per modulation symbol period.

Similarly, the ISI contributions are

00 ND-I T/2+iATSim = r X •. i~N e-J(nk~trtf)(iAtc+lT) 1 J-T/2+ink)~fSl,m -- rI I h +N e-j dt e -_j(m -_N n--) tAf t

1=0 i=o T -T/ 2

00 ND-I T/2
sIm = I hi+lN ej(nkI-Art)(iAT+1T) _1 dt ej(m-n-)tft

1=1 i=0 TT/2+iA

The time integrals in these expressions have exactly the same form as they have for the

continuous CIRF case. The expressions written down in the previous subsection for the

second order moments of the tone filter outputs are valid here when the delay integrals

are replaced by delay sums. Equations (H. 12), (H. 13), and (H. 14) still hold, with some

modification described below, where

N,-1

Ro= YP,
i=O

RN = DPi(i/ND)

i=0

ND-1

R2= NDPi (i / N [,
i=0

SM N,-]Rs,j IE Pi sin [()M (i /N, )]
(O0m i=0
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4 ND-1

RS -y Pisin2 1[1j03M(i/ND)]
R2 M i=O

SM ND-1

RS,3 =--- [I P ((i/ ND)sin[ 2 cM(i/ ND) NCOM i=O

ND-1IRS, I- Pi [1-2(i/ND)]sin [½03oM(i/ND)]
RS4 -CM i=0

ND-1

Rs,5= I Pi(iIND)[1-(i/ND)]sin[coM(i/ND)]
i=O

ND-]

RC= I Pi(i/ND)[1-(i/ND)]COS[(oM(i/ND)]
i=0

for sampled CIRFs. The upper limit in the delay sums, ND - 1, in these expressions is
replaced by N, - 1 when N, < ND. Equivalently, one could evaluate these expressions
by setting Pi = 0 for i > N,.

The mean power of the sampled CIRF in each delay bin (Pi) in terms of the
normalized frequency selective bandwidth (k = 27ufoT) and the number of delay sam-
ples per symbol period is [Equation (2.14)]:

Pi =(l-e-/NX )e-iX/N?

and the total number of channel delay samples is

Nzr =I - ,n( TN (H. 17)

where P, is the fraction of signal energy in the sampled delay grid. The current DSWA
specification for P, is 0.975 [Dana, 1991].

The modification mentioned above is necessary because with a sampled CIRF
there are not an infinite number of delayed symbols in the ISI. The ISI contributions to
the second order moments have the form

00 ND-i

Ex I IPi+IND Rx(i/ND)
1=1 i=O
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where Rx (i/ ND) is one of the delay sums. Because the sampled CIRF has an exponen-
tial fall-off for Pi,

PN = C-A Pi,

and the ISI sum can be separated from the sum over the delay:

=X N/oND-I1 Le-]'ND-I
Ex XelxI P X Rx(i/ND)
E Li e-i i=O

where NY / ND is the number of delayed symbol periods in the sampled CIRF. There
are two cases. When N. <_ ND, only energy from the immediately preceding symbol
contributes to the energy received during the on-time symbol period, and

Ex =0 Nc < ND.

When NT >_ ND,

FX=NID¶/IND-1X~1FN D ] N-i 1N

Exe- Y-iPi D) + e-N /u N i Rx(i/ND)] N> ND

where NtD is the remainder of N, divided by ND. The second term in this expression
is evaluated only if NtD > 0.

The BFSK irreducible error rate for Af T = 2 in slow, frequency selective fad-
ing without hopping and with a sampled CIRF is plotted in Figure H-5 for several val-
ues of the number of channel delay samples per symbol period and for the current
specification for total signal power in the delay grid, P, = 0.975. For comparison, the
irreducible error rate when the CIRF is continuous is also plotted in the figure.

As was the case for BFSK with hopping, the error rate curves are quite sensitive
to the both the value of ND and the frequency selective bandwidth. This is understood
by considering the total number of delay samples N, as a function of these two pa-
rameters given in Equation (H.17). When the second term on the right-hand-side of
this equation is less than unity, the number of delay samples is unity, and the irreduci-
ble error rate is identically zero. For ND = 2 this occurs when foT > 1.17, and for
ND = 16 this occurs when foT > 9.4. For values of foT that result in N. > 1, the
curves have a "stepped" appearance as N., varies from 2 to 3 to 4 and so on. Eventu-
ally, when foT is small enough that the number of delay samples becomes large, the
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The stepped behavior for small values of N., can be smoothed out by increasing
the fraction of signal power in the delay grid from 0.975 to 0.999. The resulting BFSK

irreducible error rate is plotted in Figure H-6. On the basis of these results and similar

ones in Appendix G, the value of Pd in COMLNK may be increased to 0.999 in a fu-

ture version of the code.
Another effect of sampling the channel impulse response function in delay is that

the signal spectrum is effectively truncated. To demonstrate this, we present a few gen-
eral results for the output of a matched filter when the CIRF is sampled. The point of

this digression is to show the effect of sampling and bandlimiting on the irreducible er-

ror rate plotted in Figure H-3. In discussing the results in this figure, we state that the

rich behavior of the error rate with tone spacing depends on having a transmitted sig-

nal and a receiver with an essentially infinite bandwidth. We demonstrate this in the

developments that follow.
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Figure H-6. BFSK irreducible demodulation error rate in slow, frequency selective
fading with sampled CIRFs and P, = 0.999.

Consider a transmitted rectangular pulse with a frequency spectrum M(O). This
signal then propagates through a channel with a continuous CIRF for the moment. In
the frequency domain, the channel transfer function (i.e., the frequency spectrum of
the fading) is the Fourier transform of the CIRF:

H(o) = Jh(r)e-Je- c dt
0

For the purposes of this calculation we consider the channel to be slow fading so we
have suppressed the time dependence of the CIRF and H(co). The signal contribution to
the output of a matched filter is then given by the inverse Fourier transform:

cc

S(,C) = lM(co)2 H(tco) e d2

-00
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where T in this equation is the offset of the receiver's delay tracking loop. For a single
transmitted rectangular pulse of duration T, the combined signal and matched filter
spectrum is

Ssin ( To))[M(o))l2 = T-_LTO2
( Tco))2

When the CIRF is sampled these two Fourier transforms are discrete. The fre-
quency sample size Ac) is related to the sampled delay grid size At and the number of
frequency samples:

27c
NFAT

where 1 /AT is the unambiguous bandwidth represented by the sampled CIRF. The ex-
pression above just divides this bandwidth into NF frequency bins and converts fre-
quency in Hertz to frequency in radians. The sampled channel transfer function is the
discrete Fourier transform (DFT) of the sampled CIRF, hi = h(iAt) AT. Thus

N,-I

H(kAco)= I.hi exp(-27rjik/NF) (-NF/2<_k<_NF/ 2 -1)
i=O

and the signal contribution to the output of the matched filter is

( NO NF2- sin2 2(NDk/NF) H(kAco)exp[21cjk(T/AT)/NF]

NF k=NF12 (nNDk/NF)

where ND = T/AT is the number of delay samples per modulation period. The unam-
biguous radian frequency bandwidth represented by the sampled channel transfer func-
tion and this DFT is

7t t7---< kAco < --r

At At

For the minimum number of delay samples per modulation period (ND = 2), the
frequency bandwidth of the DFT extends between the first nulls in the sin x / x spec-
trum of the signal (i.e., -Tc 7<NDk/ NF < +7T), and the rest of the sidelobe structure of
the signal is cut off. As ND is increased, more-and-more of the sidelobe structure of
the signal is included in the DFT. Thus the primary effect of increasing ND is to in-
clude more of the signal spectrum sidelobes.
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The BFSK irreducible error rate without hopping for sampled, slow fading
channels is plotted in Figures H-7 and H-8 for 2 and 64 delay samples per modulation
period, respectively, and for normalized tone spacings of 1, 2, and 3. The total signal
power in the delay grid is set at 0.999 for these results. Note that the abscissa is differ-
ent in the two plots.

For ND = 2, the rich behavior of the irreducible error rate with tone spacing is
not evident as the plots for the three tone spacings fall essentially on top of each other.
The irreducible err 'or rate for this case is zero for f0 T Ž! 2.2 because the number of
delay samples is unity for f0 in this range. We expect that similar curves would result
if the irreducible error rate were to be calculated for a continuous CIRF when the
transmitted signal spectrum is attenuated outside of the first nulls. The irreducible er-
ror rates plotted in Figure H-8 for ND = 64 are similar to the corresponding curves in
Figure H-3 for a continuous CIRF because in this case most of the sidelobe structure of
the transmitted signal is included in the DFT.
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Figure H-7. BFSK irreducible demodulation error rate in slow, frequency selective
fading for sampled CIRFs with ND = 2.
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Figure H-8. BFSK irreducible demodulation error rate in slow, frequency selective
fading for sampled CIRFs with ND = 64.
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